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Backward error analysis
Consider an ODE with a vector field f € X(R9) and an integrator

Y'() =f(y(t)), Yne1=O(yn, h).

Backward error analysis: the integrator can be rewritten as the exact solution of a
modified equation

7'(0)=F(5(t), Fex(R?).

The numerical properties (order, invariants, long-time behaviour,...) of the
integrator can be read directly on f.

Lsee Hairer, Lubich, Wanner, 2006
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Backward error analysis
Consider an ODE with a vector field f € X(R9) and an integrator

Y'() =f(y(t)), Yne1=O(yn, h).

Backward error analysis: the integrator can be rewritten as the exact solution of a
modified equation R R
y'(t) = F(7(1), feX(R).

The numerical properties (order, invariants, long-time behaviour,...) of the
integrator can be read directly on f.

The modified vector field f typically has the form!
hf = hfio; + WPEF0; + P[5+ 0+ ..

or equivalently with trees

hF = hFa()(F) + h2]—'d(£>)(f) + h3[fd(\<)(f) + fd(i»)(f)] +e.

Lsee Hairer, Lubich, Wanner, 2006
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Stochastic backward error analysis
Consider overdamped Langevin dynamics in R? or on manifolds:

dY (t) = N (Y(£)F(Y(t))dt + Na(Y(2)) o dW(2).

Shardlow, 2006: there is no stochastic backward error analysis!

2Reference: L., Vilmart, 2020 ; L., Vilmart, 2022 ; Bronasco, 2023 : Bronasco, L., in
preparation.
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Stochastic backward error analysis
Consider overdamped Langevin dynamics in R? or on manifolds:

dY(t) = N (Y(@)F(Y(t))dt + NMa(Y(E)) 0 dW(t).
Shardlow, 2006: there is no stochastic backward error analysis!

BUT, for ergodic dynamics, the integrator behaves in long time according to a
distribution, that can be undNerstood as the invariant measure of a modified SDE
with a modified vector field f.

2Reference: L., Vilmart, 2020 ; L., Vilmart, 2022 ; Bronasco, 2023 : Bronasco, L., in
preparation.
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Stochastic backward error analysis
Consider overdamped Langevin dynamics in R? or on manifolds:

dY(t) = N (Y(@)F(Y(t))dt + NMa(Y(E)) 0 dW(t).

Shardlow, 2006: there is no stochastic backward error analysis!

BUT, for ergodic dynamics, the integrator behaves in long time according to a
distribution, that can be undNerstood as the invariant measure of a modified SDE
with a modified vector field f.

The modified vector field f typically has the form
hf = hf'o; + W[F] + £ + FIFF]0; + B[ Fly + L Ej + FE PO + ..
or equivalently with exotic aromatic trees?

.

= hFa(N)(F) + W [Fa( ) () +~Fd(£')(f) S U5 Ea

2Reference: L., Vilmart, 2020 ; L., Vilmart, 2022 ; Bronasco, 2023 : Bronasco, L., in
preparation.
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Application of exotic aromatic B-series
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Figure: Coefficients in exotic aromatic forests of the Talay-Tubaro operators - Part 1/7
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Prototypes of exotic aromatic trees

References on aromatic B-series: Iserles, Quispel, Tse, 2007 ; Chartier Murua,
2007 ; Markl, 2008 ; Bogfjellmo, 2019 ; Bogfjellmo, Celledoni, McLachlan, Owren,
Quispel, 2022 ; L., McLachlan, Munthe-Kaas, Verdier, 2023

Examples of aromatic trees:

fd(a)(f):f’f:)jlﬂa, O \, —dIV f:fjjf’al
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Prototypes of exotic aromatic trees

References on aromatic B-series: Iserles, Quispel, Tse, 2007 ; Chartier Murua,
2007 ; Markl, 2008 ; Bogfjellmo, 2019 ; Bogfjellmo, Celledoni, McLachlan, Owren,
Quispel, 2022 ; L., McLachlan, Munthe-Kaas, Verdier, 2023

Examples of aromatic trees:

Fd(&)(f):f’f:)jlﬂa, O \, —dIV f:fJ'Jflal

Examples of exotic aromatic trees:

Fol ")) = Af = 15, FoO N = 1712 F = PR,
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Prototypes of exotic aromatic trees

References on aromatic B-series: Iserles, Quispel, Tse, 2007 ; Chartier Murua,
2007 ; Markl, 2008 ; Bogfjellmo, 2019 ; Bogfjellmo, Celledoni, McLachlan, Owren,
Quispel, 2022 ; L., McLachlan, Munthe-Kaas, Verdier, 2023

Examples of aromatic trees:

Fd(&)(f):f’fzﬂ_lﬂai O \, —dIV f':fjjflai
Examples of exotic aromatic trees:
Fol ")) = Af = 15, T N0 =712 F = R,

New exotic aromatic trees:

—e

Fo( = )(F) = Vdiv(f) = f0; Fa =)(F) = (F,VF) = Ffo;
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Exotic aromatic trees
Definition

Let the exotic aromatic tree v = (V/, Ag, o, 7) with the nodes V = {1,2, 3 4}, the
arrows Ag = {0,1,2, 3}, the target map 7: A — V and source map o given by

o=(0,1)(1,2)(2,3)(3,4), 7(1)=2, 7(2)=3, 7(3)=4
The associated graph and elementary differential are
s 2
3

—e3 o\1>0 -
Fa(7)(F) = FLERERE; 1184,580,1501,0n = £ 6L 0;

v
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Exotic aromatic trees

Definition

Let the exotic aromatic tree v = (V/, Ag, o, 7) with the nodes V = {1,2, 3 4}, the
arrows Ag = {0,1,2, 3}, the target map 7: A — V and source map o given by

o=(0,1)(1,2)(2,3)(3,4), 7(1)=2, 7(2)=3, 7(3)=4.

The associated graph and elementary differential are

4
3(% 2

@ An aroma is a connected component without root.

@ An exotic tree is an exotic aromatic tree that reduces to a tree when
removing the lianas.

@ the order of a tree is |y| = (|V] + |Ag])/2.
@ An exotic aromatic B-series is

B(b) = (Ba(b))a,  Ba(b)= > D1 > b(7)Fal().

m>0 |k|=m el

o3 \1’0 -
Fa(7)(F) = FLERERE; 1184,580,1501,0n = £ 6L 0;

v
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Examples of exotic aromatic trees

Vi T o v F(y)(F)

1] 1 (0,1) . Fio;

o1 lan o2 | % Fi0;

@ .

(0,1)(2,1) . o)

2 | 2 | (1) | 0,101,2) I\, Fifi;
0211 | O\ | g
02 | - | #f

2 | 3 0,1)2,3) | ©° N\ | Firifig,

Table: List of the exotic aromatic trees of order one and two.
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Equivariance properties

Definition

A sequence of smooth maps ¢ = (pg: X(R?) — X(RY))q4 is A-equivariant if for
a(x) = Ax + b: R — R% € A, ¢ satisfies for f; € X(R%), f, € X(R®%),

f(a(x)) = Afi(x) = ¢a(f)(a(x)) = Apg, (f)(x).

GL-equivariance: A € GL4(R),
Affine-equivariance: A € R%xd1
Orthogonal-equivariance: A € O4(R),
Stiefel-equivariance: ATA = Iy,

Grassmann-equivariance: AAT = Id,,

Semi-orthogonal-equivariance= Stiefel + Grassmann equivariance.
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Equivariance properties
Definition

A sequence of smooth maps ¢ = (pg: X(R?) — X(RY))q4 is A-equivariant if for
a(x) = Ax + b: R% — R% € A, ¢ satisfies for ; € X(R?%), f, € X(R%),

f(a(x)) = Afi(x) = ¢a(f)(a(x)) = Apg, (f)(x).

GL-equivariance: A € GL4(R),
Affine-equivariance: A € R%xd1
Orthogonal-equivariance: A € O4(R),

Stiefel-equivariance: ATA = Iy,

Grassmann-equivariance: AAT = Id,,

@ Semi-orthogonal-equivariance= Stiefel 4+ Grassmann equivariance.

Theorem (McLachlan, Modin, Munthe-Kaas, Verdier, 2016)

B-series are exactly the affine equivariant maps. Aromatic B-series are exactly the
local GL-equivariant maps.
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The exotic aromatic classification

Theorem (L., Munthe-Kaas, 2023)

The exotic aromatic classification of sequences of smooth local maps

© = (pg: X(RY) — X(RY))y is the following.

Geometric property

Associated Butcher series

orthogonal-equivariance

exotic aromatic B-series

Stiefel-equivariance

B-series with stolons

Grassmann-equivariance

exotic B-series

GL-equivariance

aromatic B-series

affine/semi-orthogonal-equivariance

B-series

if they are connected.

Moreover, exotic aromatic B-series keep decoupled systems decoupled if and only
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The exotic aromatic classification
Theorem (L., Munthe-Kaas, 2023)

The exotic aromatic classification of sequences of smooth local maps
© = (pa: X(RY) — X(RY)), is the following.

Geometric property Associated Butcher series
orthogonal-equivariance
Stiefel-equivariance

exotic aromatic B-series
B-series with stolons
exotic B-series

Grassmann-equivariance

GL-equivariance

aromatic B-series
affine/semi-orthogonal-equivariance

B-series

Moreover, exotic aromatic B-series keep decoupled systems decoupled if and only

if they are connected.

Remark: degeneracies impact the classification. For instance, if we consider
f = VV, connected exotic aromatic trees can be rewritten as exotic trees.

T R

>~ Ce o~
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Invariant tensors and combination of trees

Let pg: X(RY) — X(RY) be a smooth local orthogonal-equivariant map. The
Taylor expansion of ¢4 around 0 is, by Peetre's theorem,

1
DS DL UwalfR), = (F L),
mz1 m: k: NoN 0) 1)

Irl=m ® K

where ¢,.g € 52, S, = M@®®] ) S*V(M* @ SIM), and M = ToR? = R?.

Theorem (Weyl, 1939) J

The tensor space So*™) is trivial if || + || + 1 ¢ 2Z.
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Invariant tensors and combination of trees

Let pg: X(RY) — X(RY) be a smooth local orthogonal-equivariant map. The
Taylor expansion of ¢4 around 0 is, by Peetre's theorem,

1
DS DL UwalfR), = (F L),
mz1 m: k: NoN 0) 1)

Irl=m ® K

where ¢,.g € 52, S, = M@®®] ) S*V(M* @ SIM), and M = ToR? = R?.

Theorem (Weyl, 1939)

The tensor space So*™) is trivial if || + || + 1 ¢ 2Z.

Theorem (L., Munthe-Kaas, 2023)

For a given k, there exists a surjective linear map Fq: Span(l,) — SO/®)
Moreover, Fy is a bijection if and only if 2d > |k| + || + 1.
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Interaction between the dimensions

The proof of the classification uses dual vector fields fy(m):

(FMETNE| ) =0if 4 # .

Example

Consider the following exotic aromatic tree with its dual vector field

\,\/.:. . X1 0
v="""w, 9 | x| =|0650505x3 + 050ix |,
X3 0

and the elementary differential is (.7-"3(fy)(f7(m)))é7 (0) = 2.

The classification of exotic aromatic B-series is obtained with proofs by
contradiction using the dual vector fields.
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Conclusion and outlook
Summary:

@ We presented a generalised definition of exotic aromatic B-series and
characterised them with a universal geometric property. This confirms that
exotic aromatic B-series are an algebraic object interesting in itself, and not
just a tool for calculations.

@ We classified the different subsets of exotic aromatic B-series according to a
variety of natural equivariance properties. We defined dual vector fields for
exotic aromatic trees.

@ The classification confirms that the exotic extension of aromatic B-series is
natural as both exotic aromatic and aromatic B-series satisfy similar universal
geometric properties.

Outlooks and future works:

o Characterisation of other B-series (partitioned B-series, Lie-Butcher series,
exponential B-series,...) with different equivariance properties (especially on
manifolds).

@ In the manifold case, it is not known yet whether the modified vector field
can be written as an exotic aromatic B-series at any order. The RY case is
presented in Bronasco, L., in preparation.

@ Numerical application of B-series with stolons with projection methods.
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Exotic aromatic trees of order 3

] B I T o v F((f)
1] 00001 (00004 | (LLLY| 01)L2E.4) | % Fhd
(0,1)(2,1)(3,4) O- 40
2 | (0,1,1) 01,2 | (1,1,2) | (0,2)(1,2)3,1) 50,
0aaey | O% | g
030202 | . | dho
(0,3)(1,1)(2,2) 8. Eko;
(0,1)(1,2)(2,3) {. fi.flo;
(0,1)(3,1)(2,2) 0» frflo;
(0,1)(1,2)(2,3) =, 10
o262 | O ko
onenE2 | O Atk
2 | (1,0,0,1) | (0,0,0,3) | (1.1,1) | (0,1)(1,2)(2.3) ‘:{, fuFi0i
(0,1)(2,1)(3,2) d. £,F40;
oIy | % £,
(0.2)(1,1)(2,3) o Fifl, 0
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Exotic aromatic trees of order 3

|| K K T g v F()(f)
3| (1,2 0,2) | (1,2) | (0,1)(1,2)(2,3) i. fiflfko;
o2y | TN | e
j o
1)(1,2)(2.3) - fflfko;
0.D2123) | < | A
o3z | O I\ fiifka,
e2wne3 | O | doge
(0,3)(1,2)(2,1) ¢ S| ke
e3n2a2 | N | g
©031122 | OO | ridea
3 | (2,0,1) | (0,0,2) | (1,1) | (0,1)(1,2)(2,3) \< fififio;
¢ o
(0,1)(2,2)(1,3) - ffifko;
0nL2Ee3) | . FiFkFRO;
—Q )
(0,1)(2,1)(2,3) - | ffkFeG;
(0,2)(1,1)(2,3) é S| A
032wy | TN | rens
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Exotic aromatic trees of order 3

Wl v | & | " c v FO)D

s|Ey oy || onaesy | L. FiFifefea;
(0,4)(1,2)(1,3) - . FFIFIFRo,
Ona2E4 | T T | derk
©02a1E4 | O N | rrrigg

5| ) | (0 0.023)@5 | TN\ | ek,

Combinatorics:
Order | Trees | Aromatic trees | Exotic aromatic trees
1 1 1 1
2 1 2 6
3 2 6 35
4 4 16
5 9 45
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