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Aromatic Butcher-series

Butcher trees 7 used for numerical analysis: Butcher, 1972 and Hairer, Wanner,
1974 (see also Hairer, Wanner, Lubich, 2006 and Butcher, 2021).

The Butcher trees are used to represent Taylor expansions of numerical methods
and exact flows of ODEs. F(v)(f) is the elementary differential of a tree ~:

FO(h) =Y Ffo =ff, FON)F) = F(F,1), F(I\/)(f) = f"(f'f, f).
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Aromatic Butcher-series

Butcher trees 7 used for numerical analysis: Butcher, 1972 and Hairer, Wanner,
1974 (see also Hairer, Wanner, Lubich, 2006 and Butcher, 2021).

The Butcher trees are used to represent Taylor expansions of numerical methods
and exact flows of ODEs. F(v)(f) is the elementary differential of a tree ~:

FO(h) =Y Ffo =ff, FON)F) = F(F,1), F(I\/)(f) = f"(f'f, f).
ij

Aromatic trees A7 introduced by Chartier, Murua and Iserles, Quispel, Tse in

2007 (See also Bogfjellmo, 2019)

In order to compute the divergence of trees, we allow loops. The connected
components are called aromas.

F(OO(F) =Y ffio =div()f, F(OU E)(f) = div(f) (Z 6-"f,-f> frprg

ij
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Aromatic Butcher-series

Butcher trees 7 used for numerical analysis: Butcher, 1972 and Hairer, Wanner,
1974 (see also Hairer, Wanner, Lubich, 2006 and Butcher, 2021).

The Butcher trees are used to represent Taylor expansions of numerical methods
and exact flows of ODEs. F(v)(f) is the elementary differential of a tree ~:

FO(h) =Y Ffo =ff, FON)F) = F(F,1), F(I\/)(f) = f(F'f, f).

Aromatic trees A7 introduced by Chartier, Murua and Iserles, Quispel, Tse in
2007 (See also Bogfjellmo, 2019)

In order to compute the divergence of trees, we allow loops. The connected
components are called aromas.

F(OO(F) =Y ffio =div()f, F(OU E)(f) = div(f) (2 5!’f,f'> fIff.
i iJj
Aromatic B-series: Given a coefficient map a: A7 — R, and aromatic B-series is
a formal sum of the form )
a(t
B(a) = T.
@)= 2 50

TeAT g
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Volume-preserving integrators
Consider a B-series method:

Yni1 = P(Yn, h) = ya + F(B(a))(hf)(yn).

Example: explicit Euler method

Yo1 = Yn + hf(yn) = yn + F(e)(hf)(yn).
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Volume-preserving integrators
Consider a B-series method:

Yn+1 = ®(yn, h) = yn + F(B(a))(hf)(yn)-
Example: explicit Euler method
Ynt1 = Yn + hf(yn) = yo + F()(hF)(yn).
Backward error analysis: the integrator is the exact solution of a modified ODE
V'(t) = f(3(t)), hf = B(b)(hf), a=bxe.
Proposition

A B-series method is volume preserving if and only if div(?) =0. J
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Volume-preserving integrators
Consider a B-series method:

Ynr1 = P(Yn, h) = yn + F(B(a))(hf)(yn)-
Example: explicit Euler method

Yo1 = Yn + hf(yn) = yn + F(e)(hf)(yn).

Backward error analysis: the integrator is the exact solution of a modified ODE
() =F(F(), hf = B(b)(hf), a=bxe.

Proposition

A B-series method is volume preserving if and only if div(?) =0.

Theorem (lserles, Quispel, Tse, 2007; Chartier, Murua, 2007)

The only consistent volume-preserving B-series method is the exact flow.

Question (Munthe-Kaas, Verdier, 2016): does there exists a non-trivial
volume-preserving aromatic B-series method?
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Divergence of trees and solenoidal trees

The divergence dy is directly computed on A7 by

diy = Y] Dy, dv(F()(F) = F(di)(F).

veV

Example: dye = O, dHQ. = QO +25, de = .\O/ +25.
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Divergence of trees and solenoidal trees

The divergence dy is directly computed on A7 by

diy= 3 D'y, div(F()(F) = F(dh)(F).

veV

Example: dye = O, dHQ. = QO 4—257 dH.\/ = .\O/ +26.

Divergence-free context: the assumption div(f) = 0 translates into "Every tree
with a 1-loop is sent to 0."

A goal of this work: identify Ker(dy) and Im(dy) in the standard context and in
the divergence-free context.
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Divergence of trees and solenoidal trees

The divergence dy is directly computed on A7 by

diy= 3 D'y, div(F()(F) = F(dh)(F).

veV

Example: dye = O, dHQ. = QO —i—2é§7 dH.\/ = .\O/ +26.

Divergence-free context: the assumption div(f) = 0 translates into "Every tree
with a 1-loop is sent to 0."

A goal of this work: identify Ker(dy) and Im(dy) in the standard context and in
the divergence-free context.

@ The only combination of trees in Ker(dy) is e.
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Divergence of trees and solenoidal trees

The divergence dy is directly computed on A7 by

diy= 3 D'y, div(F()(F) = F(dh)(F).

veV

Example: dye = O, dHQ. 00 —|—2é57 dH.\/ = \O/ +26.

Divergence-free context: the assumption div(f) = 0 translates into "Every tree
with a 1-loop is sent to 0."

A goal of this work: identify Ker(dy) and Im(dy) in the standard context and in
the divergence-free context.

@ The only combination of trees in Ker(dy) is e.

@ There are plenty of combinations of aromatic trees in Ker(dy).

Example: o, Q.—\/, 8.+A.—\I/.—R/.6Ker(d;_,).
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@ The aromatic bicomplex in the divergence-free context

© Application in numerical analysis

Reference of this talk:
A. Laurent, H. Z. Munthe-Kaas, and R. McLachlan. The aromatic bicomplex for
the characterization of volume-preserving aromatic B-series methods. Submitted,

41 pages.
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Aromatic forms
Definition

An aromatic forest in 7, , is a collection of unordered aromas with n ordered trees
and p numbered covertices. The elementary differential extends to F, , and is a
(n, p) tensor. Note that F; 9 = AT.

Example: the aromatic forest v = & & é} o @ € F3, satisfies

FN) = (Y FAaF)dvfYF > £ FiFrdd@dx@dx»@0n @B

jok,1=1 ry yiry sy f s k=1
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Aromatic forms
Definition
An aromatic forest in 7, , is a collection of unordered aromas with n ordered trees

and p numbered covertices. The elementary differential extends to F, , and is a
(n, p) tensor. Note that Fy 9 = AT.

Example: the aromatic forest v = A & <2:> o O € F3, satisfies

FoNF) = (0 AR av(n'e 3 R x> @dx' @h @b,
Jk, =1 iry slry sy s k=1
Definition

For v € F, p, the wedge A7y € Span(F, ) is the alternate sum of permutations of
the roots and covertices of . The aromatic forms are in , , = A Span(F, ).

Example: We have Aol = %(.I - I.)
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Aromatic forms
Definition

An aromatic forest in 7, , is a collection of unordered aromas with n ordered trees
and p numbered covertices. The elementary differential extends to F, , and is a
(n, p) tensor. Note that F; 9 = AT.

Example: the aromatic forest v = A & é) o @ € F3, satisfies

d d
(Z FERR) AV E Y P dxh @dx @dx s @0 @0,

jok,1=1 ry yiry sy f s k=1

12(/_\.&@ o+ Ab0%. ad.09_AdD0.

_Aé.é)®_.&5®.@§_.&5¢.®_&5®@.
—A&@@+A5@®.+A&.@@+A&@.@).
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Horizontal and vertical derivatives
Definition

The horizontal derivative dy: Q,, — Q,_1 , and the vertical derivative
dv: Qpp— Qppy1 are

duy =3, D"y, dvy=~A 3 v Gray

veV veVve

Example: The derivatives of « € 1 9 and rele Q0 are

dHo = O EQO’o, d\/o = te,l,
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Horizontal and vertical derivatives
Definition

The horizontal derivative dy: Q,, — Q,_1 , and the vertical derivative
dv: Qpp— Qppy1 are

dH’)/ = Z Drn*)V'Y, dv’)/ = A Z va—>'

veV veVve

Example: The derivatives of « € 1 9 and rele Q0 are

dHo = O EQO’o, d\/o = te,l,

sy n ol mduel —dnle = Qs durl_h_ Ol ea,
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Horizontal and vertical derivatives
Definition

The horizontal derivative dy: Q,, — Q,_1 , and the vertical derivative
dv: Qpp— Qppy1 are

dH’)/ = Z Drn*)V'Y, dv’)/ = A Z va—>'

veV veVve

Example: The derivatives of « € ;¢ and rele Q0 are

dHo = O EQO’o, d\/o = te,l,
2 n ol mdyel—dale=Qut el b0l cans

dVA.I=A®I+/\.<P+/\.d‘> € Q1.
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Horizontal and vertical derivatives
Definition

The horizontal derivative dy: Q,, — Q,_1 , and the vertical derivative
dv: Qpp— Qppy1 are

dH’)/ = Z Dr"”V’)/, dv’)/ = A Z va—>'

veV veVve

Example: The derivatives of « € ;¢ and rele Q0 are

dHo = O EQO’o, d\/o = te,l,
2 n ol mdyel—dale=Qut el b0l cans

dy A el =/\®I+/\-<P +/\.<’1‘> € Q1.
Proposition

The horizontal and vertical derivatives satisfy df, = 0 and d, = 0 on Q. p. J
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The aromatic bicomplex

The aromatic bicomplex is the following diagram:

dy T dy dn
Q0 Qo —— Qoo
dvT CI\/T dy
dy dy dn
Q1 Q11— Qo1
dVT dVT dVT
dy dy dy
Qo0 Q10 —— Qoyo

Remark: The elementary differential sends the aromatic bicomplex to a
subcomplex of the variational bicomplex (see the textbook: Anderson, 1989). The
aromatic bicomplex does not involve the dimension of the problem.
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Examples

N =1 nodes:

0 0

| [

0 —— Q11 =Span(®) LN Qo1 = Span(@)

o] ]

0 —— Q1,0 = Span(e) _ Qoo = Span(@)

| |

0 0
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Examples
N = 2 nodes:

o—>A<9®L>%

dy dy

T
Qe dn
T

o4

) )

dv\ dvT dv
0 0 dh I,o.*é,o,oo

o

0 0

)

b ne 2, Db 00 @, e, B8

?
]
¥
l
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Examples
N = 3 nodes:

®)
(©) @
ADD® Lmbm@@@ TN .@8%@ N

dVT

dv e g

AeD @ Iy /\-%,A@@,/\@é), N O%,@@7@é), _dn 8;%

no0eb.e %.8@,@@, ? 9,90
Qo 000 2.4e9

08,000 ?0.000
] o]
0 n S P bserd, e biate

L.oo. bogo. o0
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Exactness of the aromatic bicomplex
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Exactness of the aromatic bicomplex

Theorem
The horizontal and vertical sequences of the aromatic bicomplex are exact:

Im(dulQ,,,,) = Ker(dula,,), Im(dvlg,,) = Ker(dvlq, ,,,)-
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Exactness of the aromatic bicomplex

Theorem

The horizontal and vertical sequences of the aromatic bicomplex are exact:

Im(dulQ,,,,) = Ker(dula,,), Im(dvlg,,) = Ker(dvlq, ,,,)-

Application: we find an explicit basis of all combinations of trees of vanishing
divergence. The first elements are

I S S S

S SO0 S U A N
2dHA.\/=X.+26.+Y—2K/—\V—O\/,
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The aromatic bicomplex in the divergence-free context

We write §~2,,7P = Qn,p/{O, @, 3 ,-+-=0}. The divergence-free aromatic
bicomplex with N nodes (left) is

M QN T, 2 N, O, =Span(@) —% Qb =
I .

d ~ d ~ d, ~ d

= QY —— Q) —— Qff) Qj o =Span(s) —— Qg =

dy X dy d
= Qg0 — iy —— Qo
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The aromatic bicomplex in the divergence-free context

We write §~2,,7p = Q,,,p/{o, @, 3 ,-+-- = 0}. The divergence-free aromatic
bicomplex with N nodes (left) is

M QN T, 2 N, O, =Span(@) —% Qb =
dvT dvT dvT dvT dvT
dn 5911 o 5,1\’1 dn ﬁ(')v1 Q1o = Span(e) L QtlJ 0=

N o VSN o VY NN o 1\

Problem: The bicomplex is not exact: « € Ker(dy) and « ¢ Im(dy)!

Adrien Laurent (Universitetet i Bergen) The aromatic bicomplex Trysil - December 2022 13/17



Exactness in the divergence-free context

Theorem

The divergence-free aromatic bicomplex with N nodes is exact if and only if
N # 1. For N # 1, the solenoidal forms satisfies

Ker(dplgy ) = Ker(dH|pr)/{©7 8.8..- 0}.

Application:
v E ngo 2dH’y € Ker(dH\Qm) 2dH'Y € Ker(dH|§1yo)
N L I 0.\

At a Y o] AR
R e SR S PO N RN Y. SN S NN 2

N é.+oo.+o5._5:_oo:_ov 0
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Exactness in the divergence-free context

Theorem

The divergence-free aromatic bicomplex with N nodes is exact if and only if
N # 1. For N # 1, the solenoidal forms satisfies

Ker(dulay ) = Ker(duloy, )1 O, 9,8,... -0

Application:
N 1[2[3][4]5] 6 7 8 9 10
QN 112|616 |45 | 121 | 338 | 929 | 2598 | 7261
1N 1[2|5]13|34| 90 | 243 | 660 | 1818 | 5045
[Ker(dnlgy ) [ O[O 1] 3 11 31 | 95 [269 | 780 | 2216
[Ker(dnlgu I [ 110 [ 1] 2] 7] 16 | 48 [ 123 | 346 | 937

Adrien Laurent (Universitetet i Bergen)

The aromatic bicomplex

Trysil - December 2022

14 /17



Contents

© Application in numerical analysis

Adrien Laurent (Universitetet i Bergen) The aromatic bicomplex



B-series of a volume-preserving method

Theorem

Let B(a) be a consistent volume-preserving B-series method, then there
exists 1) € €2, such that
B(a) = (« + dn) = B(e).
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B-series of a volume-preserving method

Theorem

Let B(a) be a consistent volume-preserving B-series method, then there
exists n € ), such that

B(a) = ( + d) > B(e).

1 1 1 1
B(a)=«+31 -E (-—- I)\/' (neD)0et...
(a) toeteet(5 2a + za(A +.
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B-series of a volume-preserving method

Theorem

Let B(a) be a consistent volume-preserving B-series method, then there
exists n € ), such that
B(a) = ( + d) = B(e).

B(a)=-+1I+1£+(%—%a I)\/'Jr Za(rne )l +.

An aromatic Runge-Kutta method cannot be volume-preserving.

Theorem J

Application: the methods proposed in Munthe-Kaas, Verdier, 2016 and
Bogfjellmo, 2019 can yield pseudo-volume-preserving methods of high order, but
cannot exactly preserve volume.
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Conclusion and outlook

Summary:

@ We introduced and proved the exactness of a new algebraic object, called the
aromatic bicomplex, for the study of aromatic and solenoidal forms.

@ We gave an explicit description of the consistent volume-preserving aromatic
B-series methods.

@ We introduced the Euler operators, homotopy operators, and the augmented
bicomplex.

@ Python package to manipulate the bicomplex.

Outlooks and future works:

@ Work in progress: volume-preserving exponential aromatic B-series methods
(with G. Bogfjellmo and M. Naesan Menla Ali).

e Work in progress: integration by parts of (exotic) aromatic forests, structure
of (exotic) aromatic forests (with E. Bronasco).

@ Translation of differential geometry results for aromatic forms: Noether's
theorems, study of the Laplace-De Rham operator A = dyd}; + djidy, ...
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The Euler operators?
Definition

The Euler operators are

Edy = Z (=1)INWI=a(piN(l=a, )

1
Example: Consider v = & 2 then

[ 1)

1
Cmr =1 D =Tia

1References: Anderson, 1989 and Olver, 1993 (see also Hereman, Poole, 2005-2010)
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The Euler operators?
Definition

The Euler operators are

Edy = Z (=1)INWI=a(piN(l=a, )

1
Example: Consider v = & % then

Mo =

Theorem

1 &l
Z DIEy = £+ dy (— » —Dqlgw).
| W& a
The variational comp/ex is exact.

dy £
Q1,0 — Q0,0 — Q0,0

1References: Anderson, 1989 and Olver, 1993 (see also Hereman, Poole, 2005-2010)
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Homotopy operators and exactness

Theorem
Define

p n+1 1
h = T —>e ) h DngJr ’
I @ e hl & Z Lg+n+1 7

then the aromatic bicomplex is exact and

(dvhy + hvdy)y =7, (dwhy + hudu)y = 1.
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Homotopy operators and exactness

Theorem

Define

hvy = £ hiy = Z e
[y] '@ hlZag+n+l

then the aromatic bicomplex is exact and

A DIETT

(dvhy + hvdv)y =, (duhy + hudp)y = 7.

Remark: the integration by parts process from Laurent, Vilmart, 2020 yields an

alternative horizontal homotopy operator hy on Qg p.

7€ Qoo huy hry
O L] L
T IR TNty

IS 1. 1 Vazoloal.
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Homotopy operators and exactness

Theorem

Define

p n+1 1
h = T —>e ) h Dng+ ’
VITH® " hl & Z Lq+n+1 !

then the aromatic bicomplex is exact and

(dvhy + hvdy)y =7, (dwhy + hudu)y = 1.

Theorem
Define

hyy = ZZ n+l A DIETT,

Bl vevamo 9t q+n+1gr

then the divergence-free aromatic bicomplex is exact and

~ ~ ~ ~ 1
(dHhH + thH)’Y =5, n>1, (dHhH + thH)’Y =7 — mgr’y, n=1.

v
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Augmented bicomplex
Define I = Aépyy = (_1)|r|(®)| A (D|n(®)|'y®o)°, Z, = 1(0,p), and
dy = l o dy, then the augmented aromatic bicomplex is

]

i Qo i, Qi i Qo2 1, 0
dy dy dy 64
dh Ql,l iy Q]l dh 91,1 L7 0
V
[ [
0 0 0
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Augmented bicomplex
Define I = Aépyy = (_1)|r|(®)| A (D|n(®)|'y®o)°, Z, = 1(0,p), and
dy = l o dy, then the augmented aromatic bicomplex is

dvi\ dvT dvi\ 5\/15\

d d d
T Qoo — Qo — Qoo 1, 0
dvT d\/T dvT 5VT
d d d
P Qg —— 1 —— Qoa L7 0
5
I
di Q, d Q, di Q%
0 0 0
Theorem
The augmented bicomplex and the Euler-Lagrange complex are exact. J
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Example for N = 3
® ON6) ®

@ ©)] ©)]
mb@@%mbm@@@%,@,%@$77&,%@4'> +,2

o
<

A000,,8.0

0 dn /\.@7/\ é
ADLAO.O
dy @
0 il Aol

RT:
&VT

388w %%%g 5. 86

® 89,6,87, 0,0,
DD A.,A®@,A®®, TN o% 09 00,

2 9,5, B

— 35838

@é,o@b g@‘@@ ve %,%@

o] ‘]
dwes 84944

aaaaa

S
o S onob.00, e, 2 W de
6.8, 40.9., b ©o.00
(@)

00,068,000 o660
] o]
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