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Aromatic Butcher-series
Butcher trees T used for numerical analysis: Butcher, 1972 and Hairer, Wanner,
1974 (see also Hairer, Wanner, Lubich, 2006 and Butcher, 2021).
The Butcher trees are used to represent Taylor expansions of numerical methods
and exact flows of ODEs. F pγqpf q is the elementary differential of a tree γ:

F p qpf q �
¸
i,j

f i
j f jBi � f 1f , F p qpf q � f 2pf , f q, F p qpf q � f 2pf 1f , f q.

Aromatic trees AT : introduced by Chartier, Murua and Iserles, Quispel, Tse in
2007 (See also Bogfjellmo, 2019)
In order to compute the divergence of trees, we allow loops. The connected
components are called aromas.

F p qpf q �
¸
i,j

f j
j f iBi � divpf qf , F p qpf q � divpf q

�¸
i,j

f i
j f j

i



f 1f 1f .

Aromatic B-series: Given a coefficient map a : AT Ñ R, and aromatic B-series is
a formal sum of the form

Bpaq �
¸

τPAT

apτq
σpτq

τ.
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Volume-preserving integrators
Consider a B-series method:

yn�1 � Φpyn, hq � yn � F pBpaqqphf qpynq.

Example: explicit Euler method

yn�1 � yn � hf pynq � yn � F p qphf qpynq.

Backward error analysis: the integrator is the exact solution of a modified ODE

ry 1ptq � rf pryptqq, hrf � Bpbqphf q, a � b � e.

Proposition
A B-series method is volume preserving if and only if divprf q � 0.

Theorem (Iserles, Quispel, Tse, 2007; Chartier, Murua, 2007)
The only consistent volume-preserving B-series method is the exact flow.

Question (Munthe-Kaas, Verdier, 2016): does there exists a non-trivial
volume-preserving aromatic B-series method?
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Divergence of trees and solenoidal trees

The divergence dH is directly computed on AT by

dHγ �
¸
vPV

DrÑv γ, divpF pγqpf qq � F pdHγqpf q.

Example: dH � , dH � � 2 , dH � � 2 .

Divergence-free context: the assumption divpf q � 0 translates into "Every tree
with a 1-loop is sent to 0."

A goal of this work: identify KerpdHq and ImpdHq in the standard context and in
the divergence-free context.

The only combination of trees in KerpdHq is .

There are plenty of combinations of aromatic trees in KerpdHq.

Example: , � , � � � P KerpdHq.
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2 The aromatic bicomplex in the divergence-free context

3 Application in numerical analysis

Reference of this talk:
A. Laurent, H. Z. Munthe-Kaas, and R. McLachlan. The aromatic bicomplex for
the characterization of volume-preserving aromatic B-series methods. Submitted,
41 pages.
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Aromatic forms
Definition
An aromatic forest in Fn,p is a collection of unordered aromas with n ordered trees
and p numbered covertices. The elementary differential extends to Fn,p and is a
pn, pq tensor. Note that F1,0 � AT .

Example: the aromatic forest γ �
2

1 P F3,2 satisfies

F pγqpf q �
� ḑ

j,k,l�1
f k
j f l

k f j
l

	
divpf q1f

ḑ

ir1 ,ir2 ,ir3 ,j,k�1
f ir1
j f k f ir2 dx ir1bdx ir2bdx ir3bθir3bθj

k .

^γ �
1
12

�
2

1 � 1
2

� 1
2
�

2
1

�
2

1 � 1
2
�

1
2 � 2

1

� 2
1
�

1
2 �

1
2 � 2

1



.
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divpf q1f

ḑ

ir1 ,ir2 ,ir3 ,j,k�1
f ir1
j f k f ir2 dx ir1bdx ir2bdx ir3bθir3bθj

k .

Definition
For γ P Fn,p, the wedge ^γ P SpanpFn,pq is the alternate sum of permutations of
the roots and covertices of γ. The aromatic forms are in Ωn,p � ^SpanpFn,pq.

Example: We have ^ � 1
2 p � q.

^γ �
1
12

�
2

1 � 1
2

� 1
2
�

2
1

�
2

1 � 1
2
�

1
2 � 2

1

� 2
1
�

1
2 �

1
2 � 2

1
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Horizontal and vertical derivatives
Definition
The horizontal derivative dH : Ωn,p Ñ Ωn�1,p and the vertical derivative
dV : Ωn,p Ñ Ωn,p�1 are

dHγ �
¸
vPV

DrnÑv γ, dV γ � ^
¸

vPV 


γvÑ p�1 .

Example: The derivatives of P Ω1,0 and ^ P Ω2,0 are

dH � P Ω0,0, dV � 1 P Ω1,1,

2dH ^ � dH � dH � � p� � q � � P Ω1,0,

dV ^ � ^ 1 �^
1
�^ 1 P Ω2,1.

Proposition
The horizontal and vertical derivatives satisfy d2

H � 0 and d2
V � 0 on Ωn,p.
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The aromatic bicomplex
The aromatic bicomplex is the following diagram:

...
...

...

. . . Ω2,2 Ω1,2 Ω0,2

. . . Ω2,1 Ω1,1 Ω0,1

. . . Ω2,0 Ω1,0 Ω0,0

0 0 0

dH dH

dV

dH

dV dV

dH dH

dV

dH

dV dV

dH dH

dV

dH

dV dV

Remark: The elementary differential sends the aromatic bicomplex to a
subcomplex of the variational bicomplex (see the textbook: Anderson, 1989). The
aromatic bicomplex does not involve the dimension of the problem.
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Examples

N � 1 nodes:

0 0

0 Ω1,1 � Spanp 1 q Ω0,1 � Spanp 1
q

0 Ω1,0 � Spanp q Ω0,0 � Spanp q

0 0

dH

dH

dV dV
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Examples
N � 2 nodes:

0 0 0

0 ^ 1 2 1

2

,
1

2

1

2

0 ^ 1
1

, 1 , 1 ,
1 1

,

1

,
1

,
1

0 0 , , ,

0 0 0

dH dH

dH

dV

dH

dV
dV

dH

dV

dH

dV
dV
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Examples
N � 3 nodes:

^ 1 2 3 ^ 1 2

3

,^
1

2 3 1

2

3

,
1

2

3

,

1

2
3

2

1

3

, 1

2

3

,
1

23 ,

1

2 3

^ 1 2 ^ 1

2

,^ 1
2

,^ 1 2 ,

^ 1 2 ,^
1

2

1

2

,
1

2

, 1

2

, 1

2

,

1

2

,
1 2

,
1

2 ,
1

2
,

1

2 ,
1

2 ,
1

2 ,
1

2

2

1
,

1

2

,

2

1
,

2

1

, 2

1

, 2

1

,

1

2 ,

2

1
,

1

2
,

1

2
,

1 2
,

1 2

0 ^
1

,^ 1 ,

^ 1 ,^ 1

1 ,
1

, 1 ,
1

,
1

,
1

, 1 ,
1

,

1
,

1

, 1 ,
1

,

1 ,
1

, 1

1

,

1

,
1

,

1

,
1

, 1 ,

1
,

1
,

1

,
1

,

1
,

1

,
1

,
1

,
1

0 ^ , , , ,

,

, , , ,

, ,

dH dH dH

dH

dV

dH

dV

dH

dV dV

dH

dV

dH

dV

dH

dV
dV

dH

dV

dH

dV

dH

dV dV
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Exactness of the aromatic bicomplex

Theorem
The horizontal and vertical sequences of the aromatic bicomplex are exact:

ImpdH |Ωn�1,p q � KerpdH |Ωn,p q, ImpdV |Ωn,p q � KerpdV |Ωn,p�1q.

Application: we find an explicit basis of all combinations of trees of vanishing
divergence. The first elements are

2dH ^ � � � � ,

2dH ^ � � � � � � ,

2dH ^ � � 2 � � 2 � � ,
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The aromatic bicomplex in the divergence-free context

We write rΩn,p � Ωn,p{t ,
1

,
2

, � � � � 0u. The divergence-free aromatic
bicomplex with N nodes (left) is

...
...

...

. . . rΩN
2,2

rΩN
1,2

rΩN
0,2

. . . rΩN
2,1

rΩN
1,1

rΩN
0,1

. . . rΩN
2,0

rΩN
1,0

rΩN
0,0

dH dH

dV

dH

dV dV

dH dH

dV

dH

dV dV

dH dH

dV

dH

dV dV

rΩ1
1,1 � Spanp 1 q rΩ1

0,1 � 0

rΩ1
1,0 � Spanp q rΩ1

0,0 � 0

dH

dH

dV dV

Problem: The bicomplex is not exact: P KerpdHq and R ImpdHq!
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Exactness in the divergence-free context

Theorem
The divergence-free aromatic bicomplex with N nodes is exact if and only if
N � 1. For N � 1, the solenoidal forms satisfies

KerpdH |rΩN
n,p
q � KerpdH |ΩN

n,p
q{t ,

1
,

2
, � � � � 0u.

Application:
γ P Ω2,0 2dHγ P KerpdH |Ω1,0q 2dHγ P KerpdH |rΩ1,0

q

^ � � � �

^ � � � � � � � �

^ � 2 � � 2 � � 2 � � 2 �

^ � � � � � 0
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Exactness in the divergence-free context
Theorem
The divergence-free aromatic bicomplex with N nodes is exact if and only if
N � 1. For N � 1, the solenoidal forms satisfies

KerpdH |rΩN
n,p
q � KerpdH |ΩN

n,p
q{t ,

1
,

2
, � � � � 0u.

Application:

N 1 2 3 4 5 6 7 8 9 10
|ΩN

1 | 1 2 6 16 45 121 338 929 2598 7261
|Ω̊N

0 | 1 2 5 13 34 90 243 660 1818 5045
|KerpdH |ΩN

n,p
q| 0 0 1 3 11 31 95 269 780 2216

|KerpdH |rΩN
n,p
q| 1 0 1 2 7 16 48 123 346 937
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B-series of a volume-preserving method

Theorem
Let Bpaq be a consistent volume-preserving B-series method, then there
exists η P rΩ2 such that

Bpaq � p � dηq � Bpeq.

Bpaq � �
1
2 �

1
6 �

�1
6 �

1
2αp^ q

	
�

1
2αp^ q � . . .

Theorem
An aromatic Runge-Kutta method cannot be volume-preserving.

Application: the methods proposed in Munthe-Kaas, Verdier, 2016 and
Bogfjellmo, 2019 can yield pseudo-volume-preserving methods of high order, but
cannot exactly preserve volume.
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Conclusion and outlook
Summary:

We introduced and proved the exactness of a new algebraic object, called the
aromatic bicomplex, for the study of aromatic and solenoidal forms.
We gave an explicit description of the consistent volume-preserving aromatic
B-series methods.
We introduced the Euler operators, homotopy operators, and the augmented
bicomplex.
Python package to manipulate the bicomplex.

Outlooks and future works:
Work in progress: volume-preserving exponential aromatic B-series methods
(with G. Bogfjellmo and M. Naesan Menla Ali).
Work in progress: integration by parts of (exotic) aromatic forests, structure
of (exotic) aromatic forests (with E. Bronasco).
Translation of differential geometry results for aromatic forms: Noether’s
theorems, study of the Laplace-De Rham operator ∆ � dHd�H � d�HdH , ...
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The Euler operators1

Definition
The Euler operators are

Eqγ �
¸
vPV

p�1q|Πpvq|�qpD|Πpvq|�qγv�q
�.

Example: Consider γ �
1

2 , then

γ1� �
2 1

, pDγ1�q
� � 2

1

, Dpγ1�q
� � 2

1

�
1

2
.

Theorem

γ �
1
|γ|

8̧

q�0
DqEqγ �

1
|γ|

Eγ � dH

�
1
|γ|

8̧

q�1

1
q Dq�1Eqγ



.

The variational complex is exact.

Ω1,0 Ω0,0 Ω0,0
dH E

1References: Anderson, 1989 and Olver, 1993 (see also Hereman, Poole, 2005-2010)
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Homotopy operators and exactness
Theorem
Define

hV γ �
p
|γ|

γ p Ñ
, hHγ �
1
|γ|

8̧

q�0

n � 1
q � n � 1 ^ DqEq�1γ,

then the aromatic bicomplex is exact and

pdV hV � hV dV qγ � γ, pdHhH � hHdHqγ � γ.

Theorem
Define rhHγ �

1
|γ|

¸
vPV

8̧

q�0

n � 1
q � n � 1vRR

^ DqEq�1
v γ,

then the divergence-free aromatic bicomplex is exact and

pdHrhH � rhHdHqγ � γ, n ¡ 1; pdHrhH � rhHdHqγ � γ �
1
|γ|

Er γ, n � 1.
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Remark: the integration by parts process from Laurent, Vilmart, 2020 yields an
alternative horizontal homotopy operator phH on Ω0,p.

γ P Ω0,0 hHγ phHγ

1
6 � 1

6 � 1
6 � 1

6
1
3 � 1

3

2
3 � 1

3 � 2
3 � 2

3

Theorem
Define rhHγ �

1
|γ|

¸
vPV
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Augmented bicomplex
Define Iγ � ^E p γ � p�1q|Πp p q| ^ pD|Πp p q|γ p �q�, Ip � IpΩ0,pq, and
δV � I � dV , then the augmented aromatic bicomplex is

...
...

...
...

. . . Ω2,2 Ω1,2 Ω0,2 I2 0

. . . Ω2,1 Ω1,1 Ω0,1 I1 0

. . . Ω2 Ω1 Ω0

0 0 0

dH dH

dV

dH

dV dV

I

δV

dH dH

dV

dH

dV dV

I

δV

dH dH

dV

dH

dV dV
δV

Theorem
The augmented bicomplex and the Euler-Lagrange complex are exact.
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Example for N � 3
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