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Capta I : The flowe of an evolution differlid equation

Let f t HCIRA) Cvectal fields on (R9)/ La
Assure o is lipschity (globally) and-weath (49
far simplicity . The OPE y'(A) = f(x ,A) (c)Ey(0) =

yo
is well defied by Canchy-Lischity/Picand/lisdellof.
We derate Pt(yo) : = y (A)

the scact flow of(d

Hap:· Go : id

S ·[4
,

AEIR3
,
o) is

· Is o D
= 40 + A

· 4-Ao GA= id
a group .

26: recall that or OOE of the fam (A) = f(A,y())
car be remitte is the farmla with YIA1=(!) and

= (8,

i



1) Examples of differentialopters

②system
-> f(y) = Ay , AG(Rdd

ett
_ A (re)CA(y) = etAy ,

where
k

=
0k ! 1R

=
+ 0

-> f(A, y) = A(A) y and [ACA)
,
A(e)] := ACAA(d = A SOAS

= O

th 91(y) = e) Aledo
y

-> f(y)= A(y)y
↳ seei

RE : y
and

-

if

f(y) = Als I

↳ At - Aly, the d)
-

: Rigid Lady

fi)-(ie !

(4(YA()= GT() (A494 + A(9)) e)



= O

So that 14A(1=1y1 , tat is SA
↳ More gernally, if A(try and yot 6

hi, garads herMatt
ene

-

⑯ Hamiltonian opters
nee

Conside o
the position and p

the monetar (masox speed)
,

a force derioig from a patitial F(q) =- XV(q) , V: IR4-1R .

= I-
V

the the equations of motio are i(f)=-1 alteratidy
:

Eq(t)
= p(t)

(H)
p(t) =

- XV(y(t))



Let the Hamiltonian H
:

IR
**

-> IR

< , p) - - + V(y)
/
the

(H) Rendrites as q(A) = 0p H (q() , p())Ip(A) =
- YyH(y() , p())

or equialatty y'(A)= 5 PH(y))
,
J= (*

d
*) :

Ex :Ye sinert scamle is with V(q)=I
,
the braised Jedulum-

Si Ig - y=7:)w
4 Gol = etgo = !" in wo

The single Merchulem carsrands to V(y) =-cos(q) ·
P

me
- u those-/- 9 portrait

Mee

: the solution of (H) entifies HCy(1))= HIyo), VE
roof: # (H(91(y))) = <X H 141(y01), - 4 /2017



=<8H(9(y0)), 50H(9r(y0)) >
= q D

18:

this type of apters appens
also in molecular dynamics

fal instance with the Lennard - Joves potential

Villgi-gill= is- I
In this content

,
the dimension d is very high [thatically,

d - Navogado&1024) :

⑥ Constrained equations /meminfolds

Let J : IR
*
- IRY

, q
< d

,
and define

M = (x-1RY, J(x) = 03

and Im(x) = Id--ca bounig IVJ41/30,
Ex

.

X5Y 3

p:

the solutio of

y
(A)

= HmCys)) f (y(A)) eatisfies

satisfies &x(y) M
,
FA

.



-flo·m-↑ Ano#yo--2
prof :

A vst 0
- (3(y11) = 2 TMf)(y)) .

-

-
=

O

One could directly define f (t(r)) a

ay differtile

manifold M
.

Ther the flaw of y'= f(y) is a M.

> No need for m embedding in a space of highe dimensio .

⑩tadsof diff gratz



2) Georetic properties of the flow

eintegrat

def: a won-constant function I (y) is called
-

a first integral of (2) if

I(y)f(y) =
0
, Vy

I↳: < first integral =) FA,y, X(91(y0)) = Ilyd)
.

Ex
:. His a first integral of j'= JVH(y) .

-

· rigid body yet ly is a first stegral.
PA

· I is - first integral of castraced aplers .

⑧ Volume preservation
nee

def: the flow of an OPE y'= fly) preserves
volume if for all measurable aetr CIRY, farall
A C0
,

we have Vol(9A(-)) = Vol(-2)
,
Statis

,



Sazes= Sdy
Bismille): the flow of = f(y) is UP iff

dir (f) = 0
. Jacobian
: Saturd = Saldt()) dy
As this

is
valid far cry -2 , we have :

UP < => let(2)= 1
,
FA

, g

(i) def( 5)) = 1
,
FA

, y (30+ value
is +

=0

c =) # (det()=I
We find (4(r) = f (4(1),

so that by differentiatig in

y :

-(91() = f(9(y)
Ey schung ,

w

toeachen



Pin la diffstetle da detaminat fan us matc inversible

est : det' (A) (H)
= Tr (Com(A) H)
= Tr (A H) det (A)

done (det(I)) = det'(** )(at)
= T(b(e(l)) det()
=die (f)(91(2)) · det(

to, (det() = 0c=(= 0

,
A
, y

E

E:

(AOC flowe xi = Axi(z) + (cos(y)

ij = Back + A cas (b)

j
= Csity + &(a(x)

dir(f) = 0

Eli y
= AA)y
vP <= Tr(ASH) = 0

,
FA





⑥ Symplectivity
-

Ada: Motion of the earth around the su

give by a Hamiltonian opter .

Kepler second love says :

"A live segment jozing a plant and the em
sweeps out equal weas during equal intend

of time
.

."

te

-⑪"AAn+ At An



f: let the 2-form we be give by
124x12d -> IR

d
~ :

( , y) -E I11
I

detei
I-" I ?l

↳Matic for w(5, y) = 3 Jy , J= ( n*
↳ In di2, det 59 ) = Area (P) Cousted)/sp

I ......
on P= 11 III?

-

-
-

varallelogen
- I

def : a smarth
may g :

McIR2->12d

↳symletic iff

g'
+
5 g(y) = 5 ,

Fy

Actin
, w(g'Cy ,p)5, g((q,p(y) = w(5

,y), F,



Ex : fang(y)= Ay , gis emplecticI
<=) m( AT

, Ay) = w(5, y)
< =) AT JA =

I

that is
,
A reserves the areas

crotation for intrcel
-

orcal
:

let HiR
"
- IR be 42

,
the the flowe of y= 5YH(y) is symplectic .

proof :

saviational equation farYA-

41 ( = 5 V >H 91 g))
· Yr(y)

Then (45 Yr) = (* *) 5 41 + 45(4)
= + I

Schwag
=O -



Let I
:

IRYR**- IR
did

the
/

19
,
4) -> ↑TJY

⑪
eI is a quadratic first istige of the

angmented ODE : Or f(4's
-

-- [-
-

-- * 41 (y) = f'(9)y)) - Y1(y)

Ihu: let f :
UCIR"->IR2 Y

,

the the flore of y'= fly) is selectic for Asmall

iff it is locally Hamiltonia , that is,
FyoGU , JWGd , JH : WIol-IR sAf= 5 &H

in N(o

of: : Ok

- : far A erall saugh,
we have



(4 5 Y) = 0

that is Y(((EDT + 5 f '(91)] Y = 0

A = 0 giv f'(y) 5 + 5f/(y) = 0
, xyfU

- 1

-that is 5 f'(y) is sparctic
(I f'as well)

Define g = J f and assure
yo- forprnlicty.

let H(y)= Sy g Cty) dt far y- 8/y0,3/cU
T

the [HG) = S-) q(ty) ++(y- g(sty)))d
= So (gStry) + A g'Sty) y) dt

=So (A q(Ay)) At
= g(y)



that is fly) =
50H(z), Yet 8/yo, 9)↑

S: if Vis star olged
,
H is globally-

X -

defin (faitue)-

relationin geometry :I

"I Ifolme
I

I
I falms

⑧ I 1 w 2

- -> - -> I
Mich
-H + 5dH [ f dy : fijdy;11 i

, j-⑧frdy + .. + frdyn ⑪
A Collige

Then fdy =Ker(u)<= f - In (54)
He just showed that a candesc is scast !

-

the hamatory operator is
· Salandyo: 0

i
2 : +1 Iyf(ty)dt



Hop: ) Ifg epy. , the a proces volume

21 If G -, 92 xyup , geognsyny

of: 11 (g5g= I e) surcies
-

det (g = 1

Eldet(g'll



The question : the flow satisfies
· handful of geometric properties . Hove
do we rente rumerical integrators that
preserve there properties aswell ?

Example
:

Enter mettod

yo

X
... A$

.....Queen-



Chapter # : Splitting and carraction methods

↳and samples

OOES_ flaw y(A) = G(y0)

integrator yo +n = Ye(n) , tr =
nh

,
&N =T

Iff = f + f + ... + f
*
ad we know the rast

flows 41
,
14p-P (a sufficiently good spaciation),

the
a splitting method is a compositio of there flares .

For simplicity
,

we casida f = f1 + fo .

: A elittig unttad is given forat

LYe = Peo Pale ..... Pa Pate

Ex: y
= 50H(y) , H(a, p) = T(x) + v(q)

↳ separable Hamiltonian



Ph A
-

q1 = 0T(p)E = = !.
*Tsa

p = 0

Pl B
e

q
= 0

=>= 1 - ov
p= - 0V(q)

Idea: we exit the she sto multigt ple .

f: give an integrator te Cro , a cooition

method is

(a-Nee ..... Kona

We obtain methods give by compositio of
exact/mendrical flors .

=> If a gearctic poperty is ectified by



z
= f(y)
,
if this spty is stified by

the flaws need is the mattod(wa
, Ye, 98l,

the the splitting/comastia mettad reserves
there gedutic pytic .

Ex
: f*( = Ay At= - A

fo( =

01
I

0
T

=

- D

ES
a fazedthePer es I

Er
: Schediger equatic

-

+u = in + F(r)
,
f(n)

=iP(u)u
g :

1R->IR

discretization y= Ay + g((y)Jy, A
T

=

=A

(Aly=22 , Ay + g((y15) = 0



PLA :

y
= Ay es *- $9

A

91(y) = etty

(8: y = q((y)5y
04- $4

99(y) =
et g[12)J 91 :

y

Ess : manifold case
-

97 : ((M) 91tH(m)
I

the the capaitic f Ct(M)



2) Taylor expansio of the flowe(*)
Let j'= fly) with y(x=

yo .

1 what is the rponic of y(2) ? Casoning &4
%)

tatia: f: IR
*
-> &(IR

*x1R4 ... x/R4
,
(R
*)
-

L
↳

semite f " (y) (a , . . .,
a) =

&
-

a ... in

ij= Oyir - -Gin

Es: in the linacace f(x) = Ay,
w find 41(y) = etAy =

y
+ ray+ Eat ...

↳:

the tibr(f(e)=et e
N

=

y
+ Af(y +eff)(r)

+ 1(f0(65f))(x +E! 8018



Iwhere
fig

= g((f)(=<g , b) = xyg) .

the product 8 :

H(IR/ x H) (1R") - HCIRd) is

was commutative and was associative.

Manifold(ace! -
-aw for 44O(M ,

IR) and If H(M)
, we have

4(9(r) = (fv)[0]
= 4(x + xf00(x + Efv(fy()(y) + ...

I: the serie in the popositio are fatral jawer shies

induced by h .
One needs to asoure analyticity of f

typically ta oatin CV
.

Roof: by induction
· (0) =

yoy
· y((u) = f(y0)
· y "(A) = f(yx))(y(t)) = (f- f)(y(x))

/

· y"(A) = (fw f)(y)r)) Sy'())



=(f0(80f))(y))
: -



theoryof slittig methods
-

Denote A = f = Effirent
8 = 18 = [fb- I

↳ si
with the

identification
i
ei basis of/R!

differ E v
.f .

order 1

Lie alebredifigies 2 Winem operators X , Y ,
the

e q
the amallart

space

sector- ie stable by [- , -3 ad containing
mehore[-

,
-I is a

his tarcbet :
x

, 4
· [-

,-I is tali

· [x , x] = 0

· Juci[
, (j ,z]] + [1 ,

2z,]) + [z
,
[ ,y]]= 0

Es: other relations could be artified
. To



rot that
,

we word is a gerdal eattig
with a free lie olgeern .

-

-
-

-

H formal : there exists a

map

3CH(x
, y) G2(x, Y) ·A

exe"= ec(x ,y) , [x ,y] = xy- YX

ad the first
terms

are :

11C -
-

&CH(x , y) = x + y + [x , y]

+Fe((x ,[ ,x)) + [Y
,
[y
,x3])(3)

- 24[Y , [x , 2x,]](4)
... -

the colate combinatorial farmla is cutled

the Pynbin formula ,



the 4(Ya(zoll = o (48e0 .... fate(rol)
=(40 . . . . 48e)(9ate(zol)
=e*

A
[po ....](j0)

=C
anA

2

br 28
.. - ebl8 [4](yd

def :

a itequati has local) order p fol
--

slig z'CA) = f(y(A)) if Jh0>0
,

Fa
-
> ho
, 192(ro) - ↑e(zdl-CreL

RE : unde stabilit pati, are can
go from

e

local to gloted order :
14 G2) - Ye (oll CIT, gold

P



The: if each
A
... e

b0 28 q(A+ 8)+OClPY
=e

the splitting method th has lat leas older p .

Proof : X + osaY
= ex + OllPY lyTglor .

- e

Application :
-

202A
Lie Trattor

:
YL= e L order 1

-

ad ebAe
=

eh(A + 8)+ [A
,
8] + ...

e
eletStrang : Ye = sk A 28

hrzA & 8 I A 2/2A (*2 + 8) + [8
,
A]+ -..

e e e - e l

((A + 8) + 2 [8,1) + be + [A
,
8]+ .

-
-

I
= C

= eh(A + 8) + OC12)
order 2
-



For higher orders , we need a basis of 1Cx,) .

Lyndon mards : a

,
t
,
ab
,
alt
,
aut
,

a bbt
,

...

boxed or the ahabt = Ea,ad Fa = A
,
Fb = 8

,

Fat = [A ,
0]
, Fabb=[Fab ,

Fh]
,

Fach=[Fa
, Fab] , San Rataneee/

IwI
hthe lag (e

" A
...

b 18)
= [p(a) Fr
webda(a , b)

netore p(u) is a polyamid in the ai
,
bein

p(a) = [ai
, p(b) = [bi

,

p(ub) = Ep(a)p/f) - [ biajs-

i[j

p(nbb) = 2p(a)p(r)2 -2 bajb ,
icjs

P(aab) = 4(n)p/b) - I aibij ab
..
i



RE : make details on the calculation of p(u) is
-

the percises , and the algelman's atrature
-

The
,

a splittig method has

odert) Eai=1= [bi

order 2 <=> p(ab) = 0 +
order

order 3 <=> plabt)= p(aab) = 0

+order 2

etc
...

p: if a splitting method has order three /
⑱

Blas
,

the Jio
, jo et airobi <0 .

( Casa)
-

& Star , 89
poof·see Mercises

.

-



en: for war-vousible problems auch
---

as the heat equation :

81m = An + f(m)
-- 8

A
4
-

is wot defined !
Chus
/methodlas

was
order of2

-

Wesolution : splitting methods with commutatorsI

Es
:

Takahashi- Fuada splittig (1984)

Y=
(1 , 83 [8, 20, 133 he 6

er - [1, 0]

of order 4-
-methods with samplesof splitting cofiniet

[Castella , Caution ,
Besaubes

,
Vilat & Hanse

,
Ostaman

; 2009)



-tionmethods

Chan : let = Neego--aich a capositio mettad
-

with io of order ,
the it Wit ...

+ 80 = 1
/S! +

... +Y =

0

the Ye has order at baat + 1 .

Roof: We (y) = <re(y)+ CCylfe)+ -
--

Yo
= go ,

Yit = Xvie /Yi) , Y = Yalyo)

ei = = Nrih(Yi) ~ Grie(Yi) = C()(ihl
*

Olh
= yo 0(h)

= C(r) Will
**

+ OC"4

Ei= Gittier Woh (ei)=(1+O(f)) ei as Gaz id Och

=2 iel+ Oce Gunretsela E Ez8 --E-

es

is
-

We above that if [Vi = 1 Goreso · ↑e2Ye(yo) -9a/20) = Ent ... Es furni -
- 1 xz-↳

=Fid+0(2)) ei
Intfunesc



= (Cro) (Wit + .. . +We) &
*

+Oll
*

4
↳

Lef: the adjait of a method YC is YE= Ye
,

that is

,
Yo Ye= id

if Y = Ye
,
the rettod isnic .

En: the ninst flow entisfie 4
*

= Is =

4
- 111 = 92

.

Explicit Enter
: Ye(y) =

y
+ lf(z)

y+ =

y
+ (f(x)

ext -h :

yu =

y -bf(z)
That yo

:

ye
=

zain - hf(yx)

Ente+ hf(z = 1)

the adjait of Esy Enlar es Imp . Enlar

El
; zon= yet l fi is genetic-

Ex, if Ya= Ye Yar
,
the epatic

↳ try
with

EE
,
IE .



Ron: if Ye is sof Alderp, Y
*

is of orderp .

Moreover
, if 42(y) = Ye(y) + ((y)hP

+

+ 01142

the 428(y) = 9h(y) + 2- 1"((y)eP* + 012P+4
An particular , if a is spartic ,

the

((y) = 7 1)P((y)
see that if poddy the ((y1=0 and the method is oforder

p + 1
.

proof ! YE(yol e
*

-

--
Pa(z)

~-
e

yo 4 - a) T (y0))

let e

*

= Ye(jo-GelgolEe =

y - Y - e(Ye(yr))
e = 9

- r(92(y)) - Y
- a(f(x))

=

- ((((y)) (2)
*

+ 02P2)
=(- 1)P((y0) &P +

+ 01192) as Gelzo)= you O(h)

O the atter had
, yo=

Y-aCYCjoll
,



ex e = 4 - e(4e(y0)) - Y - a (9a(y))
= (id + O(h)) e

*
as Ye = id + 0(2)

so e

*
= (id +0 (h)) e = 7- 11 PC(y) & ** + OKP)

Action: there
is wa real shtia to

Unt ... Js= 1

Wit+ ... + Welth=0 form add
.

· let a symmetric let W = V =e
⑳
I ~ 182 =

1- 2V
of order 2- 2n

the YC= NO · - - . None is of order r + 2
&

--
--



It: lots of evaluations An reachhigh
order
,
need fal smot flows ...

Can ve pressure geometly with simpler
methods ? Idea



Captur 3 : the Trunge- Kutta approach

t, samples
def : a Range - Katta method far y'= f(y)
-

-is of He folm
n

EYi = y
+ la f(ti

yz+1 =

yn + b bi f(Y)
i

= 1

for gion coefficials bi

, ais
stored i
A = (a):;- Butcher Ableam

As : Sai
-

C =

j = 1

If A is lower triangula strictly ,
the method

is explicit Simplicit des) .

If A is laen tingala , the method is

diagaally implicit .

I



En: o explicit Enter

⑭I Iliat Enter : zut1= jethflse)

Midgart

esttwidee
O ⑧ 000

1/2 I 1/20 o

12 o we
o RK4

E



A: far indiat methods
the optr
I

las a unique solution farh amallangt
as f is lipchity (Fisced it the oren)

,

Lef: partitioned RK method :
fas
E) =!l was have the metal

Y =
yu + l [af(t,zi

Zi
=

y
+ b [ag(Y ,zj)

y + 1 =

ye + 12b f(Y , zi)
zn+ 1 = zn + hig(Y ,zi
Tablea: *



E: : Symplectic Enter

yx =

y
+ lf(y ,z+ c)Ezn+ 1 = z + hf(y , zn + 1)



2is of the enot flow(2fil

In practice
,

me did not prest the full
spansion before ,

We need
it

now

We fid Pr( = 2
+ Af + 808 + If(f0f)+

..

= 2 + +f + +f + I(f'ff+b",b))
w

+

H ?
+ (t'f'b'b+ b'b"(b,f)- "(if't)

+ f " (8,8,81) + .. -

It looks a bit more inalred
.
This is why we itadia

-
↑..- Butcher sche

~-/ #
, , in

e

: He est of tree I is defied by idation
.

-> I

-> if er
, ..., im &C, [tn,

]e &

exten



: F :

I-I is the

denstay differtil
-> infinite jet brale
"="ralonial in fitj , tis, ---

- Ff() = f
-> ff([+ ,

-

-

-,+3) = fY(ff() ,
- -

-

, Ff(tr))

F is
ecteced by linority an Sean (8) .

Lop: let X : ext- & be the patting of
tree the

Ff(xz)0ff(+ 1) = Ff(x2 x +)I

: f0(ff) = (bb)'f
= b "8, 1) + f'1'f

11

Fro)=fe +
def :&

the order of ↓ t is It
=

m of modes .

-

* the factorial of+te is

U(0) = 1Soken
, ...,+b) = (t)5(e) .

-
- U(en)



*
the

symmetry of - T is
· (o)

= 1

~ (in
, ..., ,

.

.

-, +m
, . . .,

+m])
=
Tri ! ( )ri

- -
11 en

graph
r1: 0 (i) is also the number of automorphisms of .

I: =
where a is

the number of way to abtain t



from gaftig:O
a
a
a(t)=

>[Butcher)
If: a B-sie is a formal paner scie : gin

a
:

e - IR a one-form/the confficist mary
fracal=Eeta (e) Ff(t) .

Am:

the scast flowe of y'= fly) is given by

L f
e = (t)

Roof: flyo + 81(8)(roll

- ↳ f(z) (B(0-2 ..., Bo-y
B = ⑰

-I fit!... Atenf((ff(),...,Fat-

b = 0 +1,...,b& b! (e) ... (talU(en) ... U(+f)
i



= E I
tas

En
, ...,If
e Fa t

B=

j

=E
- de , ..,
]effa)

as going from the sun
I to I

En
, ...,
+Af& +/in , ... A]E

k
I C~M ... I

gilds the coefficist
.. int

as we go from

ordered subtes In ... s to war-alderd subtrees .

-
-
-

the A(yu + 88(0 -

1)(0))At A

- be fre ut
= I #

- 7

220kVG)
Falt) (0)

E



Enof RK mettode
Lemma

: hy(y + 84(a)(yu)) = 02(b)(80)
-

where Alden , ..., en b) = ale) ... alen)

b(0) = 1

fur: similar as lot roof with I replaced by a.

n:

a RK method st = Yalze) satisfies

42(y) = yo + Bet(a) whos
c(t) = b P(t) ad d( · ) = 11 = (i)

ad B(.) = 11 -(in , ...,
+-]) = A(a( 1) ..oak)

E SBlen , . ..,+ - D) = 2/ Telo... ja(=~) .

mo ~ = (iii)

:be
all [bizijap aila en

= Ebai jai d



roof: if Xi =

yo
+ Be (vi) (yo)

the Y:
= yo

+ [a hf(y0 + 88(j)())h

Kamal
=

yo + [a 8 (j) (20

where ; Clin , ...,-])= blen) -- n )

Bj( - ) = 1

=

yo + Be (aj) (2)
the by identificatio si (t) = Zaijj(t) =(AB) :
that is <([en

, ...,+z]) = A(d(en)o ... x(em1)

the
y1

= yoth [bif(Yil
=

y + h[bf(yo + 88(i)(y-))
= yo

+ [S68(B : )(y0)
=

y + 88(kTB)(y0) ⑦
b



⑫: a RK method has order p if
F = + &

,
(t)2P, = a(t) .

& caditio order

⑬ [bi = 1 1

· [bici = 2 2

a I binij i = To 3

#bici
?

=
1/3

S [bai apAck= Ie4

*I liaij i
=

Iz 4

↑ Elinai i = To
↳ [bi si = 14 -

81OES
order 1 23 4 5 678910

No raditions 1 -249 2048715286719



R: · deyedaces may appear
fard = 1 ,Ff) = Ff(I)
· Fto(C

,
I fCH(14) ot

(Ff(ol o
Ff(x)(0) = 0

,
+ =0

· Altad is ofadap Eoff Hele ,
-x, = a(t)

Estesion to S-odies : ne consider farsts
-

as concatenation of trees ,

↑
with empty

a Series is a differential operator fabot A

S(a) Se"((π)[4]-

TG0(i)
unhere o (t ... n) = (en) ... clia character

f((π)
= 44(ff(+) , -

- ff(tr))



4) Algolunic structure of composition
-

⑥ Beshuffle Hopf Algebra :
primitive dents andmineral flows
-

Let· be the commutative
,
exsaciati concatenatio of

trees

:

& I is a farest
with

2 tree
.

Let I be the algelvn of forests (1
,

x
,
) with the int 1 and count

E1
.Define the deshuttle capoduct AN : -> * F

Aw 1 = 101

I- + = + x1 + 10 +
,

+ c I

Ar (we . we) =

/Dr me) . (Dr wal
&Recall tat (a*b) . (nob1) = Can*ethis makes I a bialgebra .

-I- -graded -

rI becomes a getern if there is an antipode S : P+ ↑

st Mo (Soxd) ob = qo(AdeS) o = 1S-

Hele Sri) +) =
- t

S(w . wel
= S(we) Sp(we) (S is a antimatin morto

W but as it's contation
,

it is

just a mathism)

-> Note hav wee are naturing the tree sti dres at all .



Ex : Ar() = (Ar · (Sir ! )
=(01 + 10) . (101 + 10 ! )

=- 1 + 1 + -
+
10 .

and (SpId) o Ap(.
1) = . 1 1 - . 1- 1e . + 10 -

1

quo e
= 0 OK
-

def : + I is primitive if DT= + & 1 + T
, gethered in y

.

-

LIE is gory-lik if IH= T * T, getterd is G
.

-

: (y= I set of
them

have

eqi(t) =

1 + + + 14 . +--- - fara
is

bette lag : 6 - ByL -I repasts the rectan fields and G represents the

flas

log(t)= (H-a)

roof :

Note test sup(=) = sy (At) as A(2 . p)=A2) .DN

= mp4x1 +1+)



= 1(401) · ey(18t) as Key commute

= (ey(t)01) - 70xp(t1)
= ey(t)kep(t)

the one clocks that log = ey" -
*

1

Idea: log(i) is the of generating the flor it
-

-

for the law & .

"

Here sir is the flar greated be a

&: the dual of a Hort algetu is a Host algebra .

(4
, Air 7 = (5

Y

N
,
1 !
)

st I<A ., manz) = 12
,
w . w2>

<crB
,
w) = (0xB , 1rw)



⑯-earHorf alsolva and scast flow

↳ 2Yousider wow
the composition of Aflones .

We abee F(t1)(f(xz)[d]] =fen +

2 + + + [4]

Defie the

Garsonproduct by
TX T = 2

wit ,

Has : (His, #) (See Grei Ondam)

#T2(I

This ids a new Harf algoen called the

Grossman-Lawson Hosfaydra (I, 8 , Arl
with

same primitive dements

I .

·

(t) = 1 + + + 2 ++ + ...

sup
2 ⑥↓den : e :

-> Got
y

= f(y)-

mohiclamout to hf -> 0(y()) = 4(0) + 24 (f(y)
E

.b .

t .
--

while sy : - Gender

gives ht -> 4(yn) = 4(y + hf(y0)) = 4(y0) + h ...



Applicatio :

Nededuce fram P(y(h)) = fff(sy%)(4]
-

that 1want
where <tiles the number of labellings of < :

S
& m

lab↑ f· lab : V -> 91, . ., IVI3 bigectis

indearig
stritty

ot lab ideas strictly fro batten

to top .

and 2(t .... in) = (in) ... acta) ·

·Note that all coefficit way are character
· (π1

-+2) = a (kn) aST2)
-

-

so that if a = e a g ,
te fant

as 1840 .* geg+ ...
=: S(y)

I
the it inti a =

ea M
.



Butcher-

③ Camposition and "Yaes-Kreiner Haf algebra
-

1:

Hove do we compute S4(a)[S(A)[43]?
An admissible out is a choice of edges of a teex and that

by removing these edges
, my aisted fatt (fro batter Nater)

meets at wast one suttig edge .

He out coplite the tee - into a rooted
tree
it at the total

Ettifitna
&e DCK capadest is

Dr Add a

*
ock (T1 -+z)= DockIn) : (Ocr Fal



the (5,, DOCA) is a Horf algolua
with antipode Sock ,

detailed later
.

Im
:

Set(a)[Se(l) [4]] = S4(a+ b) [4]
-

where a
,
be

*

and the composition lowe isLa b =Mokb) · DOCK / I (urg)= ecy

: (a+ b)(t) = b(X) +
a)(1))

+ a) . ) b(V)
+ a( . )b(1) + a( . )a()) b(r) + a - (2b(i) + a(X)

: a similar set of algolunic Apos sint far hi soup methods,
based on a left grafting operation and ordered Hana forests .

: Te dual of theOCK Host Myda is is complic to the

G2 Hopf algebra .



Capta 4 : Georetic Numerical Integration
1) Preservatio of quadratic invariat
-nee

: a RK method reserves all liem invariats
.

: aRK vetod carrot reserve all expand innicts

of fined degree pl, 3 ,

Ire surcises)
.

of my00E
-

-

⑭m:

a R mettad serves all genchatic maricb

if bi aij+ bjaji=bibj Vi , j = 1
,

. -
-,

far PRK methods
, we have the condition

Etait b gi=ti Fi , i
for peervig all incrist of the falr -Oz .

R: this is quite estriction ! An explicit RK method

cannot entity and have order 1
.
Grisel

[Hist
:

cosider f = 5VH
,
H= 19 f+ = R(25)a

2

1 Incep )



gaf: I(y) = y
+

Cy ,
2 suntic

I 'Glf(y)) = 0 xotaty
T

(f(y) = 0

y
=

y + b[bif(Yi)
Y =

yo
+↳[aijf(Y)

Cyy(y1 =

yo
+ 22bif(yi))

-

C(yo + h5bjf(Xi))
= jag + l [bibijf(YilT (f(yj)
+h[byCf(Yi) +

l[bi f(Yilt (yo
-

= f(Yi)-l[af(YaT(f(Yi)
=O

=yoyo+ h2 [bib-biai-bjaji) f(Yil(f(Y)
W

El: midpoint ,

reserves quachatic invariats .

->
Have simulation jedulum .

for HCP ,p)= A 92



-c methods
thm : a RK method preserving quadotic invariati-

is sysplectio .

Roof; yot= 0h(y) RK method

we have to show that Ye= entifies
XT5 Y = Jan .

Recall the variational equation GA(ol Ham of= b)y(0) = y -
7)

y
= f(y) , 2(0) =

yoEy 1 b(r)Y
,
Y(r = Ed

(2) Ye
Clair

:

the following diagan commute
- y

= f(y) , z(0) = y

y
= f(y) ,
x) = j0) -&Y= b'yY,

Y901= Id
(d) -

Syner, Yanel↓ 2+ = defaul
C ↓ 4a(z ,

Yu)
(d - d11
I

Sy - 92 , Yu]
Y=



Indeed Suta ,
Yun) = 0a/y , Yel give

y + 1 =

x + b[bif(z : )

EXir = Y + e [bi f'(z : ) Zi

zi =

z
+ haif(zi)

Zi = Y + l[a f'(zi)Zj
On the other hand

,

↳ (Ez+est A : Fields
with X - ie

8yo

X-= 1 = Ya + b [bi f'(z :)Si Yn+ eEaf'(zi
writing Zi=Es yields the

sun this

However
, I()= YJY is a quadetic incrist of

the angrated method
.
The RK method reserves it . As it

consides with the original mettad
,
I is preserved and the

mettad is symplectic . E



Es ! Midpast
, Trapezoidal ente ,

Stan-Verbt and
-

symplectic Enter are applectic .

-> show simulation solar optem



sahpisworderror

iden : scast flaw f
- E It

y(t) = f(y(r)I
-

intequatorDrArya)y
+ 1 = 42

It i main
enginElaine

ene

such that

problem :

Ex : far = Ay , the Enter method
-

is
yn+1= (F + 2A) yu

and the enact flow is y(h)=
chA

yo



hahThe we not = e yo

that is e

er
= I + 2A

Eag (I + 2A) game
-o - e

↳casewillsines
:

Asse 42() =

yo
+ lf(y)+ 22dz + bedz + ..

- Consitet
-

-Yet(yu)=
z0

+ 80 (g)I =

y
+ hf(x) + 28f + bf'ff+ f"(,f)( ...

l= lf + 12 + ht,+ ....

He condition
=

4t gie
Get

=

id + 0Esse
= yo

+ (hf + lif + litz + -- ) + k(Lf + 2 fz + .. )'(hf+ hbz+)2

- I(t'ff + f"(t, f)) + ---

=

z + lf + 22)tz + kff)



+ 23(b3 + Yztef +2bz + Y(f'f + Yf"(6,f) +---

This yields
the conditions :

fe + eff = da

f + ktb + kbbz + 46ff + (f",f) = d3
i

Artists't
A z =
d - (dz - kf't)'f - Yef(dz - kf't)

- If'ff - Yf"(t
, f)

tz = d - kd2f - zf'dz + It'ff + zf(, f)
+ Iftf - If't'f - 7f"(f, f)

↳def-fdz + Iz8''+ Fr8"(1,1)

the integrator 4 ectifie Ils-est _& *
whos I = (f+ h(dz-kf'f) + ed-Edif-fdz + 88'

+ 728"(8,8)) (5),
Lender anothe assuptas a fl)



In particular for the Ern mettad
,
d2 = ds= ...

= 0
We find R= lf- 22f'f + H'f't +

4
"t

, f) +--

Iff(y) = Ay , we kid back a.
(by idential
I

f[j]

: Let fitz=
a -Patr

,
A--

hi+ 1

I Pet (yo) - Get
*

j :/ CieN+,
where LFIN) = 1f+ ... A

Curdu assertions or fl .

: If Gr is of order p , the fi = 0

, 2-7jp .

· If I is an ineauct of Pr(I(Pe(y)) = I(y)) / AheAIt = 0

* (y)(fj(y)) = 0
, Fj

-

· If = id,t fa = F-r(c= fri = 0
,
%i)

· If Ge is symletic,
the Vi , 5j , fj= 5 YH ja

and f = 50H

· If dir(f)= 0 ad De is van perig the dil()= 0
:



IOEA : the patie of Pe are had an fe.
-

poof :

let us

move the splotic are by ideation-

Initialisatio
: I = f adf=55H by assuntion .

v

Assure F =

JV HN]
,
HE=

H+ 2Hz +
... + eN-1HN

By definitia of fi,
Pa(y) = de (y) + 2N

+

Yfvx(y) + 0(2N+2

We car differstiate :

↓

wat obvious.
We

car da
is

as ur wate

with smouth maps .

= fre +Of
sy

We beo that J= 5= see
-

by
T

Thus -/teerfos) 5)-



= 5 + ev /) te pt)
↳
=Id + 01

+ Oll4

The
,

we fid +5or
Alat is, t is symetric

0

y-

We pared tat is imples that I Here Catleast locally)
o

N+1= YHN+1 ↓
OF In globally
if damas is
sinli created ,



the concept of backward eval cralpis propagates to

global exal under crabticity assumption .

②: it f ad the

di are cralytic in ERIjo)
, for

2 lo mallwor
, I N=2) /

-140 Syd - Pete Cyril Che

Corollay :

Yoorida H
:
0 -IR with 0 ope out of IRd ad

-

Haralytic int,
if

f= 5XH and the integration stays
is the compact KCP

,
the I Do at FR log

~ orderN=LEJ
, H(z) = H(y) + OCeP)[F(z) = #(0) + Ole e)
Fashire

Coze &Ni , 2006 and raterr as therein
-> Show simulations

.



=>: H(q , 4) = G-ca(q)
the midpoint rule is applectic and ectifies

Fe = 5 0 Fe

Fe = H
+ 2(((24) - 2p2ca(q)) +04



-um

formulation of BEA

to: relat als BBCH (a) and SB(A)(al ?
(where 827

= 0 ! 8
= Bet)

a partitio p-P(t) of a treet is a embot ofthe edyes
oft . tap are the

remaining forests . tp is the tee obtained

by contacting the trees is tip too and putting the edges back .

·P - 8.

t2p ...........

to · y

: the Calugue - Ebrahimi-Ford Marcon capadest is

Acem(t) = [ (p) & tp
p-P(t)

* (Em(+1 -+2)
= AcEm(+1) · AcEm(2)



: (4, ACEM) is a Hort algebra with int
·

Yet be *, extended as a characte to it let at
*

I
b(1) = 0

/ /
the 582(2)(a)

= St(b5a) Card similar fal Danie

↳ substitutio

ad b a = pro(bxa) ACEM

b
: modified VA If

a : integrator
r(t)
I characters on Ie : scrct flow e(t)=1

BEA
: the goal is to find b of be =

a

We waite a = ep (b) .Eb = log(n)
Nate that e = which in

the famolatio in the dud
.



Es -> GxFirst G
with 65p = Sa G PO , a darct

,
a(1) = 04

IGa = Eat M*, adaade , a()=13

⑲
An joticula

,
the

inode of at G* is
-- (t)

=

27 1)(t) a(t(4)a

↑=P(t)
=(a - Sock) (t)

sesteded as a charactal

and b e =

a

= b5(e- 51) =
a - 8

,

=(b = (a -S)Se
wher we-81) = 6

.

<=) We = S1 + S
.



5 Y Volume preservation and manati-series
meanen

We saw that a method is vole-everwig
-for y= f(y) ,
dia (f) = 0

, if0 .

If f = IPH, a symplectic settad resees value ·

For o geral , the is mae difficult .

Ii can we identify the F= &Y (b) that etif dilf)=

def: (aromatic oldered farts)
a edge is

U set of mades , Eoct of edges ,
IV

,
witE =>

goig faWx to we

-Asome each made is
the

source of at most are edge .

the codes that Me the source of zoose are called roats and are

numbered
from 1 to m .

A connected comparat with roof is
a

tree

and without is a ooma
.

We call anomatic forests in m

these guato (my to equiatece of graphs) ·

Ex;
N

,

-
. Ee

the order is the ob of modes .



def : eler
. differetic

-

edge= deviation
nade=sontation order 2

rootibe basis of wit .

diff operate

is
s

-·

~ Iti
; fig

*

fr ff" saabe
18:

a tree rejects a vf= diff guater of acter 1

Lef: let 88
,
the

10 = 1! I((x)07
of In

where 0 . 8 palmates the roots following v
.

⑳F

E:
1 .

=I - )
def: let din -Rn-c be

dr
=

Spat08 spi+2 pafts
NEW

In to o
.



Ex: d(y) = b + get t de
+ 2 &.

Actiondeanmordiaa
e

Ex: - -> f"6i = f

· -> fi = !" = di(f)

Aramatic De Ran range :

d d d
...

->~ - - at
to

G:
d=0a(sncis)

Ex:
d) = I(do-di

= 2( + 8 . +
4. - b 8i

de - % = 2(db . +1 .
- de-do



= 2( + 60 + 6) + (28 + !6)
- (8 + 29) - (6 + 08 + 09))
=Ov

thin : the aronatio De Ran sale is suct
,

-

that is
, ke(d( ) = Im(d)-)

roof ; difficult . (See Lamert , McLachlan, MK , Verdin,2023)
--

Application : basis of Fer(d/n) is
-

order 3

order 4



Ohm (ForksI Quispel , Toe 2007~CautionMana , 2007
No RK method reserves volure

.

roof : (ideal asome dielf)=0 ,
that is 8 ,

8
,

... - 8
-

the I is of the falr di ,++ 2

We above that dro /gt=E .-
-

dr. = z(d .
+ 1 . - 4

-
1)

dre = I . + 1 - - I

! coprote
there are aromatic tree everywhere) that warA each offal
However

,
the I of a RK puttod is made of Butcha

trees only . A bored

eiOpoblen : does there sist a poline peschig
raticRK method ?

Ex; yut
=

yo + hf(y)(1 + -dir(f)(z))
LEIR

ose Bagfjellno
,
2019
;
Braasso

,
Lanat! a Haf algdan stuature .



6) Lie group methods
nee

-> see Homework
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