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The overdamped Langevin equation in molecular dynamics
Take N particles moving in a fluid. Then, the positions qptq and the velocities
pptq of the particles satisfy the underdamped Langevin equation:$&% dqptq � pptqdt

dpptq � p�∇V pqptqq � γpptqqdt �
b

2γ
β dW ptq

In a high friction regime, we obtain the following simplified equation in Rd called
the overdamped Langevin equation, where f � �∇V :

dX ptq � f pX ptqqdt � σdW ptq, X p0q � X0 P Rd .

If there are constraints ζpX q � 0 (e.g. strong covalent bonds between atoms, or
fixed angles in molecules), the solution lies on the manifold
M � tx P Rd , ζpxq � 0u and we get the constrained Langevin dynamics:

dX ptq � ΠMpX ptqqf pX ptqqdt � σΠMpX ptqq � dW ptq, X p0q � X0 P M,

where ΠM : Rd Ñ Rd�d is the projection operator on the tangent bundle of M.
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Classical tools for the weak convergence
A numerical scheme is said to have local weak order p if for all test functions φ,

|ErφpX1q|X0 � x s � ErφpX phqq|X p0q � x s| ¤ Cpx , φqhp�1.

Let upx , tq � ErφpX ptqq|X p0q � x s, t ¥ 0, then under certain assumptions, u
satisfies the following backward Kolmogorov equation:

Bu
Bt px , tq � Lupx , tq, t ¡ 0, upx , 0q � φpxq.

The generator L is a differential operator of order 2 given in Rd by

Lφ � φ1f � σ2

2 ∆φ.

On M � ζ�1pt0uq, we write g � ∇ζ and G � gT g � }g}2, then L is given by

Lφ � φ1f � σ2

2 ∆φ� σ2

2 G�1 divpgqφ1g

� G�1pg , f qφ1g � σ2

2 G�2pg , g 1gqφ1g � σ2

2 G�1φ2pg , gq.

Ñ From now on, M is either Rd or a compact smooth manifold of codimension
one such that Gpxq � 0, for all x P M.
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Classical tools for the weak convergence
We develop the exact solution in Taylor series:

ErφpX phqq|X p0q � x s � φpxq � hLφpxq � h2

2! L2φpxq � h3

3! L3φpxq � ...

We compare with the Taylor series of the numerical approximation:

ErφpX1q|X0 � x s � φpxq � hA0φpxq � h2A1φpxq � h3A2φpxq � ...

Theorem (Talay, Tubaro (1990) and Milstein, Tretyakov (2004))
Under assumptions, the scheme is of weak order p if

1
j!Lj � Aj�1, j � 1, ..., p.

Ñ Tree formalism of B-series for deterministic problems: Butcher (1972) and
Hairer, Wanner (1974),...
Ñ Tree formalism for strong and weak errors on finite time: Burrage, Burrage
(1996); Komori, Mitsui, Sugiura (1997); Rößler, Debrabant, Kværnø, . . .
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Ergodicity, invariant measure
Ergodicity: there exists a unique invariant measure dµ8 � ρ8dσM such that

lim
TÑ�8

1
T

T»
0

φpX psqqds �
»

M

φpyqρ8pyqdσMpyq almost surely,

for all test functions φ and with the Euclidean canonical measure dσM on M.
The Gibbs density ρ8 satisfies L�ρ8 � 0 and ρ8pxq � Z expp� 2

σ2 V pxqq.
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Order of convergence for the invariant measure
Definition (Convergence for the invariant measure)
We call error of the invariant measure the quantity

epφ, hq �
����� lim
NÑ�8

1
N � 1

Ņ

n�0
φpXnq �

»
Rd
φpyqρ8pyqdσMpyq

����� .
The scheme is of order p if for all test function φ, epφ, hq ¤ Cpφqhp.

Remark: a scheme of weak order p automatically has at least order p for the
invariant measure. One can build high order scheme for the invariant measure
with low weak order (see, e.g., Bou-Rabee, Owhadi, 2010 and Leimkuhler,
Matthews, 2013).

Example (first introduced in Leimkuhler, Matthews, 2013)

Xn�1 � Xn � hf pXnq � σ
?

h ξn � ξn�1
2

The scheme has weak order 1 and order 2 for the invariant measure in Rd .

Theorem (L., V., 2020 on a compact smooth manifold M
Abdulle, V., Zygalakis, 2014 in Rd

Related work: Debussche, Faou, 2012; Kopec, 2013)
Under technical assumptions, if A�

j ρ8 � 0 in L2pdσMq, j � 2, . . . p � 1, i.e. for all
test functions φ,»

M
Ajφpyqρ8pyqdσMpyq � 0, j � 2, . . . , p � 1,

then the numerical scheme has order p for the invariant measure.
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Example: the θ-method

Overdamped Langevin equation in Rd :

dX � f pX qdt � σdW , f � �∇V

The θ-method:

Xn�1 � Xn � hp1� θqf pXnq � hθf pXn�1q � σ
?

hξn,

where ξn � N p0, Idq are independent standard Gaussian variables.

Methodology:
1 Compute the Taylor expansion of X1,
2 Compute the Taylor expansion of φpX1q ,
3 Compute ErφpX1qs and deduce the Ajφ,
4 Simplify

³
Rd

Ajφpyqρ8pyqdy .
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Example: the θ-method

The θ-method:

Xn�1 � Xn � hp1� θqf pXnq � hθf pXn�1q � σ
?

hξn,

where ξn � N p0, Idq are independent standard Gaussian variables.
An expansion in h yields, for ξ � N p0, Idq,

X1 � x �
?

hσξ � hf � h
?

hθσf 1ξ � h2θf 1f � h2 θσ
2

2 f 2pξ, ξq � ...

We deduce ErφpX1q|X0 � x s � φpxq � hLφpxq � h2A1φpxq � ..., where

A1φ � Erθφ1f 1f � 1
2φ

2pf , f q � θσ2

2 φ1f 2pξ, ξq � θσ2φ2pf 1ξ, ξq

� σ2

2 φ
p3qpf , ξ, ξq � σ4

24φ
p4qpξ, ξ, ξ, ξqs.
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Grafted aromatic forests
Differential trees and B-series used for numerical analysis: Butcher (1972) and
Hairer, Wanner (1974) (See also Hairer, Wanner, Lubich (2006) and Butcher
(2008))
We use trees as a powerful notation for our differentials. We denote F pγqpφq the
elementary differential of a tree γ.

F p qpφq � φ

F p qpφq � φ1f � °
i Biφfi

F p qpφq � φ2pf , f 1f q � °
i,j,k BijφfiBk fj fk

Aromatic forests: introduced by Chartier, Murua (2007) (See also Bogfjellmo
(2015))

F p qpφq �
�¸

Bi fi
	
�
�¸

Bi fjBj fi
	
� φ1f

Grafted aromatic forests: ξ is represented by crosses (in the spirit of P-series)

F p qpφq � σ2φ2pf 1ξ, ξq and F p qpφq � σ2φ1f 2pξ, ξq.
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Grafted forests for the θ-method

For the θ method,

ErφpX1q|X0 � x s � φpxq � hLφpxq � h2A1φpxq � ...

and A1 is given by

A1φ � Erθφ1f 1f � 1
2φ

2pf , f q � θσ2

2 φ1f 2pξ, ξq � θσ2φ2pf 1ξ, ξq

� σ2

2 φ
p3qpf , ξ, ξq � σ4

24φ
p4qpξ, ξ, ξ, ξqs

� E

�
F
�
θ � 1

2 � θ

2 � θ

� 1
2 � 1

24

�
pφq

�
.
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Exotic aromatic forests: adding lianas (Math. Comp. 2020)

We add lianas to the aromatic forests.
Examples
F p q � σ2°

i
φ2pf 1peiq, eiq.

F p q � σ2°
i
φ2pei , eiq � σ2∆φ.

F p q � σ4°
i,j
φ2pei , f 3pej , ej , eiqq � σ4°

i
φ2pei , p∆f q1peiqq.

If γ is the following forest

i

j

k
l

then F pγqpφq � σ8°d
i,j,k�1 divpBi f q � φ1ppBkl f q1pf 2pBijj f , Bkl f qqq.

Remark: the forests do not depend on the dimension of the problem.
Adrien Laurent (University of Geneva) Sampling SDEs on manifolds July 2020 14 / 32



Main tool 1: expectation of a grafted exotic aromatic forest

The following result is a consequence of the Isserlis theorem.

Theorem
If γ is a grafted exotic aromatic rooted forest with an even number of crosses,
ErF pγqpφqs is the sum of all possible forests obtained by linking the crosses of γ
pairwisely with lianas.

Example

E
�
F
� 	

pφq
�
� σ4Erφp4qpξ, ξ, ξ, ξqs � σ4

¸
ijkl

BijklφErξiξjξkξl s

� σ4
¸

i
BiiiiφErξ4

i s � 3σ4
¸
i,j
i�j

BiijjφErξ2
i sErξ2

j s

� 3σ4
¸
i,j
Biijjφ � 3F

� � pφq.
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Explicit formula for A1
The operator A1 given by

ErφpX1q|X0 � x s � φpxq � hLφpxq � h2A1φpxq � ...

is now convenient to write with exotic aromatic trees.

A1φ � Erθφ1f 1f � 1
2φ

2pf , f q � θ

2φ
1f 2pξ, ξq � θφ2pf 1ξ, ξq

� 1
2φ

p3qpf , ξ, ξq � 1
24φ

p4qpξ, ξ, ξ, ξqs

� E

�
F
�
θ � 1

2 � θ

2 � θ

� 1
2 � 1

24

�
pφq

�

� F

��θ � 1
2 � θ

2 � θ � 1
2 � 1

8

�pφq.
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Integrating by parts exotic aromatic forests
Goal: simplify

³
Rd

Ajφρ8dy , i.e. write it as
³
Rd
φ1prf qρ8dy .

»
Rd

F p qpφqρ8dy � σ2
¸
i,j

»
Rd

B3φ

BxiBxjBxj
fiρ8dy

� �σ2
¸
i,j

�»
Rd

Bφ
BxiBxj

Bfi
Bxj

ρ8dy �
»
Rd

Bφ
BxiBxj

fi
Bρ8
Bxj

dy .
�

If f � �∇V , ρ8pxq � Ze�2V pxq{σ2 and ∇ρ8 � 2
σ2 f ρ8. Then»

Rd
F p qpφqρ8dy � �

»
Rd

F p qpφqρ8dy � 2
»
Rd

F p qpφqρ8dy .

We write

� � � 2 .
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Main tool 2: integration by parts

Theorem
Integrating by part an exotic aromatic forest γ amounts to unplug a liana from
the root, and to plug it either to another node of γ or to connect it to a new
node, transform the liana in an edge and multiply by 2.

For a node v of the exotic aromatic forest γ, it rewrites in

γγv � �2 vvγ .

Example

� �2 � 2 � 4 � �2 � 4 � 4

Theorem
Take a method of order p. If Ap � F pγpq for a certain linear combination of
exotic aromatic forests γp, if γp � rγp and F p rγpq � 0, then the method is at least
of order p � 1 for the invariant measure.
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Application to the construction of high order integrators
Theorem (Conditions for order p for the invariant measure in Rd)
Order conditions for a class of stochastic Runge-Kutta methods:

Y n
i � Xn � h

s°
j�1

aij f pY n
j q � diσ

?
hξn, i � 1, ..., s,

Xn�1 � Xn � h
s°

i�1
bi f pY n

i q � σ
?

hξn,

Order Tree τ F pτqpφq Order condition

1 φ1f
°

bi � 1

2 φ1f 1f
°

bici � 2
°

bidi � � 1
2

σ2φ1∆f
°

bid2
i � 2

°
bidi � � 1

2

3 . . . . . . . . .
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Postprocessors
Idea: extend to the context of ergodic SDEs the popular idea of effective order for
ODEs from Butcher (1969),

yn�1 � χh � Kh � χ�1
h pynq, yn � χh � K n

h � χ�1
h py0q.

Postprocessing: X n � GnpXnq, with weak Taylor series expansion

EpφpGnpxqqq � φpxq � hpApφpxq � Ophp�1q.

Theorem (V. (2015))
Under technical assumptions, assume that Xn ÞÑ Xn�1 and X n satisfy

A�
j ρ8 � 0, j   p,

pAp � rL,Apsq�ρ8 � 0,

then the scheme has order p � 1 for the invariant measure.

Remark: the postprocessing is needed only at the end of the time interval (not at
each time step).
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Postprocessors
Theorem
If we denote γ the exotic aromatic B-series such that F pγq � pAp � rL,Apsq and
if γ � 0, then Xn is of order p � 1 for the invariant measure.

Theorem (Conditions for order p using postprocessors)
Order Tree τ Order conditions

2
°

bici � 2
°

bidi � 2
°

bi � 2d0
2 � � 1

2°
bid2

i � 2
°

bidi �
°

bi � d0
2 � � 1

2

Example (first introduced in Leimkhuler, Matthews, 2013)

Xn�1 � Xn � hf pXn � σ

2
?

hξnq � σ
?

hξn, Xn � Xn � 1
2σ

?
hξn.

The scheme has order 1 of accuracy for the invariant measure, but X n has order 2.
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The Euler integrator for constrained Langevin dynamics
Constrained Langevin dynamics on the manifold M � tx P Rd , ζpxq � 0u

dX � ΠMpX qf pX qdt � σΠMpX q � dW .

Example (Euler integrator)
Two widely used integrators are the Euler scheme with explicit projection
direction, where g � ∇ζ

Xn�1 � Xn � hf pXnq � σ
?

hξn � λgpXnq, ζpXn�1q � 0,

and alternatively the Euler scheme with implicit projection direction

Xn�1 � Xn � hf pXnq � σ
?

hξn � λgpXn�1q, ζpXn�1q � 0.

Ñ References: Ciccotti, Kapral, Vanden-Eijnden (2005); Lelièvre, Le Bris,
Vanden-Eijnden (2008); Lelièvre, Rousset, Stolz (2010); . . .

Issue: both Euler integrators have order 1 for the invariant measure.

Adrien Laurent (University of Geneva) Sampling SDEs on manifolds July 2020 23 / 32
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The Euler integrator for constrained Langevin dynamics
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A new class of RK methods for constrained Langevin
In the spirit of the methods RATTLE (Lelièvre, Rousset, Stolz (2019)) and
SPARK (Jay (1998)), we use the following class of Runge-Kutta integrators:

Yi � Xn � h
ş

j�1
aij f pYjq � σ

?
hdiξn � λi

ş

j�1
paijgpYjq, i � 1, . . . , s,

ζpYiq � 0 if δi � 1, i � 1, . . . , s,
Xn�1 � Ys ,

Butcher tableau with c � A1, δ � pA1 P t0, 1u, b � As,: and pb � pAs,:

c A δ pA d
bT pbT

Example
The Euler integrator Xn�1 � Xn � hf pXnq � σ

?
hξn � λgpXn�1q, ζpXn�1q � 0 has

the following Butcher tableau
0 0 0 0 0 0 0
1 1 0 1 0 1 1

1 0 0 1
.
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Order conditions for sampling Langevin dynamics on M
Theorem (Runge-Kutta conditions)

Consistency conditions: cs � ds � 1 and
°s

j�1
pbjdj �

°s
j�1

pbjδjdj

22 cond. for order 2 for the invariant measure (resp. 11 cond. if δ � 1):

ş

j�1
bjcj � 2

ş

j�1
bjdj � 1

2 ,
ş

i,j�1

pbid2
i paijdj �

ş

i,j�1

pbidipaijdj � 1
2

� ş

i�1

pbidi

	2
, . . .

25 cond. for weak order 2 (conditions do not have a solution if δ � 1).

Example
An integrator of order 2 for the invariant measure if M is the sphere

Y1 � Xn � h
�
3
2 �

?
2



f pY2q � σ
?

h
�
1�

?
2
2



ξn � λ1p2gpY1q � gpY2qq,

Y2 � Xn � hf pY1q � σ
?

hξn � λ2gpY1q, ζpY1q � ζpY2q � 0,
Xn�1 � Y2.
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Numerical experiments
 We introduce a 4-stages RK method of order 2 for the invariant measure that
uses only 3 evaluations of f per step.

Y1 � Xn � σ
?

hd1ξn � λ1gpY1q,
Y2 � Xn � hc2f pY1q � σ

?
hd2ξn � λ2 rpa21gpY1q � pa22gpY2qs ,

Y3 � Xn � hc3f pY2q � σ
?

hd3ξn � λ3 rpa31gpY1q � pa32gpY2q � pa33gpY3qs ,

Xn�1 � Xn � h
3̧

j�1
pa4j f pYjq � σ

?
hξn � λ4

3̧

j�1
pa4jgpYjq,

where λ1, λ2, λ3, λ4 are such that ζpY1q � ζpY2q � ζpY3q � ζpXn�1q � 0.

Butcher tableau:

0 0 0 0 0 1 1 0 0 0 d1
c2 c2 0 0 0 1 pa21 pa22 0 0 d2
c3 0 c3 0 0 1 pa31 pa32 pa33 0 d3
1 pa41 pa42 pa43 0 1 pa41 pa42 pa43 0 1pa41 pa42 pa43 0 pa41 pa42 pa43 0
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Numerical experiments
 We introduce a 4-stages RK method of order 2 for the invariant measure that
uses only 3 evaluations of f per step.

 We plot the invariant measure error versus the timestep h for the order 2
integrator and the Euler scheme when M is the unit sphere in R3, with the
constraint ζpxq � p}x}2 � 1q{2, the potential V pxq � 25p1� x2

1 � x2
2 q, the final

time T � 10 and 107 trajectories.
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Numerical experiments
 We introduce a 4-stages RK method of order 2 for the invariant measure that
uses only 3 evaluations of f per step.

 We plot the invariant measure error versus the timestep h for the order 2
integrator and the Euler scheme when M is a torus in R3, with the constraint
ζpxq � p}x}2 � 8q2 � 36px2

1 � x2
2 q, the potential V pxq � 25px3 � 1q2, the final

time T � 20 and 107 trajectories.
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Numerical experiments
 We introduce a 4-stages RK method of order 2 for the invariant measure that
uses only 3 evaluations of f per step.

 We compare the approximations sIEuler and sI2 given by the Euler scheme and the
new order 2 Runge-Kutta integrator of Ipmq � ³

SLpmq Trpxqdµ8pxq on the special
linear group M � SLpmq in Rm2 with the constraint ζpxq � detpxq � 1, the final
time T � 10 with the stepsize h � T {212, 106 trajectories and the potential

V pxq � 25Trppx � Im2qT px � Im2qq.

m dimpSLpmqq Ipmq error for sIEuler error for sI2
2 3 2.00967 6.4 � 10�4 4.4 � 10�5

3 8 3.01954 1.1 � 10�3 2.0 � 10�4

4 15 4.02930 1.6 � 10�3 2.3 � 10�4
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Exotic aromatic forests: adding scalar product (Submitted. 2020)
We use partitioned forests and we introduce a new kind of edge that represents
the scalar product.

Examples
F p q � G�1°

i,j giBj figj � G�1pg , f 1gq.
F p q � σ2G�2°

i,j,k giBjkgigjgk � σ2G�2pg , g2pg , gqq.

In general, we can get forests of the form

1

2

3

5

4

67
r

where the associated differential is

F pγqpφq � σ8G�2
ḑ

i1,...,i6�1

ḑ

j1,...,j3�1
Bj1j1 fi2 Bj2j3 fi5 Bj3 fi6 Bi2gi1 Bj2gi3 Bi4i5gi4 gi6 Bi1i3φ.
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Exotic aromatic forests: adding scalar product (Submitted. 2020)

We use partitioned forests and we introduce a new kind of edge that represents
the scalar product.

Examples
F p q � G�1°

i,j giBj figj � G�1pg , f 1gq.
F p q � σ2G�2°

i,j,k giBjkgigjgk � σ2G�2pg , g2pg , gqq.

On the manifold M, the generator L is given by

Lφ � φ1f � G�1pg , f qφ1g � σ2

2 G�1 divpgqφ1g � σ2

2 G�2pg , g 1gqφ1g

� σ2

2 ∆φ� σ2

2 G�1φ2pg , gq

� F p qpφq � G�1pg , f qφ1g � 1
2F p qpφq � σ2

2 G�2pg , g 1gqφ1g

� σ2

2 ∆φ� 1
2F p qpφq
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Exotic aromatic forests: adding scalar product (Submitted. 2020)

We use partitioned forests and we introduce a new kind of edge that represents
the scalar product.

Examples
F p q � G�1°

i,j giBj figj � G�1pg , f 1gq.
F p q � σ2G�2°

i,j,k giBjkgigjgk � σ2G�2pg , g2pg , gqq.

On the manifold M, the generator L is given by

Lφ � φ1f � G�1pg , f qφ1g � σ2

2 G�1 divpgqφ1g � σ2

2 G�2pg , g 1gqφ1g

� σ2

2 ∆φ� σ2

2 G�1φ2pg , gq

� F
�
� � 1

2 � 1
2 � 1

2 � 1
2

	
pφq.

Similarly, we obtain an expansion in exotic aromatic forests of the operators Aj .
Goal: find conditions such that A�

j ρ8 � 0 in L2pdσMq.
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Isometric equivariance of exotic aromatic B-series
Examples of aromatic forests:

F p q � f 1f �
¸

i
Bi f fi F p q � divpf q �

¸
i
Bi fi

Examples of exotic aromatic forests:

F p q � ∆f �
¸

i
Bii f F p q � }f }2 �

¸
i

fi fi

Definition
Affine equivariant map: invariant under an affine coordinates map.
Isometric equivariant map: invariant under an isometric coordinates map.

Local affine equivariant maps are exactly aromatic B-series methods (see
McLachlan, Modin, Munthe-Kaas, Verdier, 2016).

Proposition
Exotic aromatic B-series methods are isometric equivariant.

Converse: ongoing work with H.Munthe-Kaas and O.Verdier.
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Integration by parts of exotic aromatic forests

Lemma (Integration by parts on M)
If ψ : Rd Ñ R and H : Rd Ñ Rd are smooth functions, then we have»

M
p∇Mψ,HqdσM � �

»
M
ψ divMpΠMHqdσM,

where ∇Mψ :� ΠM∇ψ and divMpHq :� divpHq � G�1pg ,H 1gq.

For integrating by parts an exotic aromatic forests in the direction of a liana, it
rewrites into

γγv � vvγ � �pNg pγq � 1q vvγ � Ng pγq vvγ � vvγ � 2 vvγ � 2 vvγ .
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Integration by parts of exotic aromatic forests

Lemma (Integration by parts on M)
If ψ : Rd Ñ R and H : Rd Ñ Rd are smooth functions, then we have»

M

�
G�kψ1H � G�pk�1qpg ,Hqψ1g

�
dµ8 �

»
M

�
G�pk�1qpg ,H 1gqψ

� p2k � 1qG�pk�2qpg , g 1gqpg ,Hqψ � G�k divpHqψ
� 2kG�pk�1qpg , g 1Hqψ � G�pk�1q divpgqpg ,Hqψ
� 2
σ2 G�pk�1qpg , f qpg ,Hqψ � 2

σ2 G�kpf ,Hqψ
�
dµ8.
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Integration by parts of exotic aromatic forests

Integration by parts of exotic aromatic forests:

γγv � vvγ � �pNg pγq � 1q vvγ � Ng pγq vvγ � vvγ � 2 vvγ � 2 vvγ .

Example
For γ � and v � r the root, we get

� � � � � 2 � 2 .

Application: We have
³
M A1φdµ8 � ³

M A0
1φdµ8 where

A0
1 � F

�
pbT d � pbT dq � pbT c � 2bT d � 1

2 q � 75 forests
	
.

Choosing the coefficients such that A0
1 � 0 yields the order 2 conditions for the

invariant measure.
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Summary
 We introduced a new algebraic formalism of trees to study the order for the
invariant measure of numerical integrators for the overdamped Langevin equation
in Rd and on compact smooth manifolds of codimension one.

 The exotic aromatic forests formalism inherits the properties of the previously
introduced tree formalisms, as a composition law and a universal geometric
property.

 We recover efficient numerical methods, a systematic methodology to improve
order and a formal simplification of any numerical method that can be developed
in exotic aromatic B-series.

 Possible applications to partitioned problems or systems with perturbations, and
extensions to more general SDEs where f is not a gradient, on manifolds of any
codimension, or to SDEs with multiplicative noise of the form

dX � f pX qdt � ΣpX qdW .
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